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_to| How by a Brief and Eafie Method, moft 
“) | of what is neceflary and Ufeful in Ex- 
clid, Archimedes, Apollonius, and other 
Excellent Geometricians, both Ancient 
and Modern, may be Underftood. 
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: My Worthy Friend | 
Charles Cox Efquire, 


“Mteiiber’ ar Pataasne for the 
o. Burgh of, Southpants. 


Dear S TR 


MONG the many Obligations You 
bave confer d upon me, I account 
it not the'leaft, that you have given me a 
Rife to Revive my Mathematical Studies ; 
in which as I have formerly {pent fome time, 
fo [know of no more Ufetul way of em- 
ploying my leiftire Hours. °°. 
And indeed, Sir, the Diverfion and Ad- 
vantage I bave lately reaped from them,hath 
(by the Divine Bleffing gi both fupporced me 
under, and in a good Meafure carried me 
through ‘Such Preffures and Difficulties, as 
LT once almoft elke! Z ee a 
€ 


The Epiftle Dedicatory. 

The Mathematick LeGure which You at 
jirft fet up Gratisin your Burgh,-.and which 
out of an uncommon Generofity, You did @f- 
terwards remove into the City of London, 
is a Demonftrative Proof both of your fincere 
Endeavour to promote the good of your Coun- 
try ant alfo of your Capacity to do atthe be/t 
_ way.And as [have already in a good degree, 

Sol bape to fee fuch Effetis from fo Noble.g 
Defign, as will render your Name juftly Ho- 
nourable to Pofterity, as well as to this pre- 
fent Age. Sir, You know your Self and Me 
too well, to take this for Flattery. °Tis 
what Truth, Juftice and Gratitude Oblige 
me to fay. 3 

I foal only add,That I am again glad of 
this opportunity to fhew the Fuft Efteem [ 
have of your Merit, and the equal Regard 
Ihave for your Friendip.. Yam, 


epikR, 
Your moft Obliged 
Humble Servant 
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READER 


Fter frequent Perufal, and mature Delibera= 
tion on this Book; I judge it to be the plain- 
eft, fhorteft, and yet eafieft Geometry 1 bave ever 
feen Publifh’d : And therefore I thought it very well 
worth my while tolet it appear a fifth time in our 
own Language, as it had already done twice before 
ix the Latin Tongue. And ’tis {0 well efteemed 
of, by very Competent Judges amongit Us, as to 
be read in our Univerfities, by Tutors totheir Pu~ 
pils: And alfo, which is not ufual with Books of 
this kind, there hath been three entire Impreffions 
fold off in a little more than as many Years time. 
As tothe Tran(lation ; I have by no means Ob- 
liged my felf fervilely to follow the French way 
of Expreffion ; for indeed a Literal Verfion of a Book 
out of any Language will be {carce lntelligible in 
Englifh. Ihave therefore all along aimed rather 
to give you BF. Pardies’s Senfe, than his Words ; 
and have made him {peak what 1 judge be would 
bave done, had he wrote in our Language. I have 
made no Scrupleto add any thing that I [aw nece{- 
{ary to render him clear and intelligible ; and par- 
‘ | : : ticularly 


The Tranflator, @&c. 
ticularly what follows, which was not in fome of 
the former Editions. cS % 

‘As the fecond Book of Euclid, about the Power 
‘of Lines’; The Men{nration of the Surfaces of So- 
lids, Archimedes bis Proportion of the Infcribed 
Cone and Sphere to the Circumf{cribing Cylinder ; 
the Figures of the ¢ Regular Bodies , feveral Ad- 
ditions and Improvements in the Doctrine of Propor- 
tion: The Menfuration of the Fruttums of Pyraa 
mids and Cones, fome new Properties of a Right- 
angled Triangle, and of the Circle, &¢. I bave 
alfo left out fome more of Pardies’s Propofttions, 
which on repeated Experience in Teaching, Ihave — 
found le8 ufeful ; ws alfo all the Elements of plain 
Trigonometry, which T° had before added to bis 
Nish Book : becadufe Phave publif'd 2 fmall Trea: 

tifé om that Subject by it (elfS BDA CBR Aim 
-now hath beth té lead the Learner into a Jittle more 
Abjtratted and Concife, tho amok ufefal and U- 
niverfal Merbod “of Deyson stration 5 introducing 
now and then alittle of Algebra, that Imay ‘there’ 
by engage the Reader in a Love of,’ and Value for 
_ tbat moft Noble and Wonderful Science: And to 
give him a good Fiundation to Build upon, and a 
fuffictent Rife thereby to carry bite ‘into Fluxions, 
dnd the new Methods*of Inveftigation and Demon: 
firation, ‘where he xvill find fufficitnt Satisfaction. 
Nor need “he be'difconraged at the Attempt, for 
Ys well kndwn, that T bave taught federal Per= 
fond°to underftand the Elémentary Parts of all Ma: 
| Fhematichs fo well) that they Vave been able'to. go. 
“on every where, without the Affiftance of any Ma- 
frer, in Ie than a Year's Time. Pardie’s 
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Pardie’s Advice to thofe who 


would Underfland Geome- : 


try. 


za.” | HEY ought to-enure themfelves 

to confider well the Figures, at 
the fame time as they Read thePropofitions. 
There will be fome Labour and Difficulty 


at firft, but they will break thro? it in two 


or three Days. 
2. They ought not to be difcouraged, 
if they meet with fome things whichthey 


do not underftand at firft; Geometry 1s 


aia {o eafie to be attained, "as Hiftory. 

. If, after they have Read and Confi- 
ated attentively any Propofition, they 
find they don’t underftand it; let it be 
paffed over, it will probably be Intelli- 
gible by reading farther, or at leaft when 


they have gone over the whole, and have | 
began to Read it over a-new. "There are 


indeed Mey things in Geometry, that 
will 


an 


eAdvice to thofe, &c. 
will never be well underftood at firft Rea- 
ding over. | 

4. The Numbers which are within the © 
Parenthefis, v. gr. (3.14.) thew that the — 
_ Matter there fpoken of, hath been proved 
elfewhere, viz. in this Inftance, in the 
fourteenth Article of the Third. Book ; 
And they ought always to mind the Num- 
ber of the Article, and to confult the Pla- 
ces referred to, that fo they may gain the 
Demonftration of what they Read. 

5. When they meet with any Words 
which they don’t underftand, they may 
confult the Table at the End of the Book. 
6. °Tis good to have a Mafter at firft, 
to Explain to them the Nature and Man- 
ner of the Demonftrations: For by that 
means they will Underftand the thing 
much eafier and much fooner, than they 
can do by Reading by themfelves. 
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Of Lines and minor 


bathe: of the fame Nevive, may 
ss be faid ro be Greater or Lefs than, 

Equal or Unequal toit: As Extenfion, #, e, Length, 
Breadth or Thicknefs, Number, Weight, Time, 
Motion, and all thofe things, which are capable of © 
being fo compared as to More or Lefs, are the 
Obje& of Geometry. 

- 2. We defign neverthelefs to confider now only 
Extenfion ; as being rhar which ferves for an Exam- 
ple and Rule to Meafure all other Quantities by. 

| | B Jone Se Bae 
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3. That Quantity which, being {uppofed without 
any Breadth or Thickne(s, is extended only in 
Length, is called a Lines That which hath both 
Length and Breadth, (but is fuppofed to have no 
‘Thicknefs) is called a Surface, or Superfictes: And 
that which hath Length, Breadth and Thicknefs, is 
called a Body, or Solid. 

4. A Point is that, which is confider’d as having 
no manner of Dimenfions; and as being Indivifible 
in every refpect. The Ends or Extremities of 
Lines, as alfothe Middle of them, are Points. 

5. There are Strait Lines, and there are Crooked 
or Curved Ones: Alfo there are Even and Plain Sur- 
faces which are called Plans; and there are Crooked 
or Curved Ones: Which like a Vault, (or the Tile of 
a Boat or Waggon,) are Convex above, and Concave 
below. 

_. The Generation of Lines may eafily be conceived 
t0 pe made by the Motion or Fluxion of a Point, 
as A. 


_ Which if it move directly from the Term A, to 
the Term. €, or go the neareft or forteft way po 
ible, it then forms what Geometers call a Righs, or 
Strait Line. : . ter) 
Tf it go firft dire@tly to B, and jthen alfo the near- 
eft way to C; it forms two right Lines, AB and 
BC, which taken-together, are longer than the Line” 
AC; and confequently, two fides of any Triangle 
muft be longer than the Third, bat ia 


) 
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If the Point A, move not in one or moré right or 
ftyair Lines xowards C, ic muft go:‘Crooked, and fo 
will form ‘a Curve or crooked Line, as A D €. 
‘Arid from hence! alfo ‘tis plain, Thar any two 
Points movi ing with equal Velocity, will in the fame 
a enéfate equal Lines, #5 
hén two Lines meet in a Point, The Aper- 
wi: ‘Diflance or Inclination between them, is call’d 
‘an Angle. ‘Which, when the Lines forming i it are 
rightor ftrait Ones; iscalled a Retilineal Angle ; 
as’ AL Bur if they are’ crooked, “tis called a Curvi- 
Vineal One; as Bi» Arid when one is ftrait and the 
“orhet crooked,” “tis” called a Mixt Angle; as C. 


vt 


oN B. The ‘Dinky forming any Angle, are called 
rig ait / 


“92'That Angle ‘is faid to be: lefs than another, 
whofe Legs are more éficlined to (dr nearer to) each 
‘other: ‘Let there be two Lines AB ny A C meet- 
ing in the Point A. - If you ima- 
‘gine thofe Lines to be moveable like 
the Legs of a pair’ of ‘Compaffes, 
and yet faftened togéther in A, as 
eg ‘fale tis ealie then to con- 


Sonagy, the nearer they are brought soca the 
more’ they will incline towards each other, and fo 
the’ Anglé between them mutt be the lefs, 
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8, Ir muft therefore be obferved, that the Quan= 
tity of Angles, is by no means Meafured by the 
‘Length of their Legs, but-by their. Inclination, 
Thus, v. gr. The Angle Bis bigger than A; tho’ the 
ai ‘of the Angle B, are much fhorter than thofe 
of A: But then thofe of A 

Pr are much more inclined to each 
A other, than thofe of B. And to 

: apprehend thisthe better, ima- 
a a WB gine the Angle B to be put up- 
on A, ‘as you may conceive by 

‘the ‘ptickt. Lines about A, 

which reprefent the Legs of B lying on it. Fortis 
‘plain the Angle A willbe eafily contained within B ; 
and thar its Legs are much more inclined to one ano- 
ther, than thofe of B, and therefore it is lefs than B. 
9. An Angle is ufually marked by three Letters, 

of "which the middlemoft, and which always is 
placed at the Angular Point where the Lines meet, 
denotes the Angle. As in the Figure following, 
6 4c denotes the Angle made by the two HIneR b a 

and ¢ 4 meeting inthe Point. a. 

10. If we imaginethe Linea b faftened by i its and 
4, in the middle of the Line dc, but yet fo as:to be 
moveable,.on 4, as on a Center.: 

cry? If themyou conceive it to be mo- 

oN en Ved quite round, till ic arrive at 
i¢ the place; where it. began, the 
‘Point 6 will defcribe a Curve 
Line, which is ufually called a 
Circle ; bur *tis rather the Circum- 
ference of a Circle; for properly fpeaking, the Circle 
is the Space contain’d within the Circumference, _.. 
rr. Any part of the Circumference is called an — 
Ark, as bc. } 
12. The Line d c (paffing through the Center) and 
terminated by the Circumference, is called the Dia- — 
meter, 
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meter, and divides the Circle into two equal parts. 
- Alfo every right Line paffing thro’ the Center a (and 
Terminated at each end by the Circumference) divides 
the Circle into two equal parts, and will be a Dia- 
meter. | 

13. The Line a bor ac, or any other drawn from 
the Center ro the Circumference, is called the Ra- 
dius or Semi-diameter. 

14. All Radius’s or Semi diameters (of the fame or 
equal Circles,) are equal. (As is plain from the Genefis 
of a Circle given in Art. 10.) | 

15, When the end 6 of the Radius a b is equally ~ 
Diftant from the two ends of the Diameter d ¢; 
That is, when the Point 4 is in ae 
the very middle of the Semi cir- 
cumference d 6 c; then willl a 
make two Angles withdc that are 
called Right Ones: Which are e- 
qual.to one another, that is, the 
Angle d a2 b is equalto bac. And 
if the Line 4 a be produced below 
toe, it fhall then (with dc) make four Right An- 
gles ; and it will be another Diameter; which with 
ae former dc will divide the Circle into four equal 

atts. , 

16. Then thofe Lines are faid to be Perpendicular 
one to another, viz, b ato dc, and datobe, 

17. But if be nearer to one End. of the Diame- 
ter (or Right Line) dc, than it is to 
the other, it is then {aid to fall on 
the other obliquely; and it makes 
with d c two Angles that are Une- 
qual: Of which the Leffer b ac 
is called Acute, and the Greater 
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Tf the Line 4} be produced toe, it will be anew 
Diameter, and will make below two other Angles: . 
; So that in the whole there, will be 
four Angles ;* of which thofe two 
_that touch only in the Angular 
Point, asbacandead; as alfo, 
“dab and ea c, are called Vertical, 
. or Oppofite Angles. But thofe rhat™ 
: have one Leg common to both, as_ 
d'ab, andb ac; aidbac,andeac, are called Ad- 
joining or Contiguous Angles, ae SB i ng 
“18. Thofe Angles which (at equal Diftances from 
the Angular Point) are. fubtendéd by equal Arks, 
are alfo equal themfelves. A's if the Ark 4 c be pro- 
ved equal-to the Ark de, then will the Angle} ac 
be eq ualionae Vs eet 
a9--The two Contiguous Angles taken together are 
always equal to wo Ribht Ones, | 
For as the Line dc is a Diametet, atid therefore, 
cuts the Circle into two equal Parts, the two Arks. 
d b and b.¢.taken together, will be equal to a Semi- 
circle. Whetefore’ the rwo Angles d 4 b and bac 
together, willbe equal to two Right Ones, becaufe 
_ they coftipleat the whole Semi-citclé;’ as two Right. 
Ones do. (Axe. I ). Bg Geena a. ; a 
20, So that this Bi digheunriat Univerfal Truth, 
That one. Right Line falling on another, makes the Con- 
_ tiguous Angles (together) equal to two Right Ones. 
For if the Lines are Perpendicular to each other,’ as 
' ". pais tod e. “Then ‘tis plain the 
4, Angles muft’ Be Right’ (by the i5.) 
~ “And'if the Line fall Obliquely, as 
~ > 4 doth, then indeed the Angles. 
are Unequal’: Btic as tnuch as the’ 
Obtufe one d 4 bexcéeds one Right 
Angle, by fo much is the Acute one b ac sae 
* ~~ le y 
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7 
by the other Right One. So thar the Smallnefs of 
one is compenfated by the Greatnefs of the other. 
21. Hence alfo it follows Converfely, for (where- 
ever the Property is found, there the Thing is, in 
Geometry,) that if two Angles which have one Leg 
Common to both, do make Angles equal to two 
Right Ones, their other Legs do make but one Right 
Lage. Let ‘the Angles d a band bac be (together) 
equal to two Right Ones. Then | fay, that the 
Lines d a and a ¢ do join fo together, as to make one 
Right Line (vid. Fig. in Art. 17.) which is clear 
from what hath been faid. For if on the Center 4 
you defcribe a Circle db ce, the two Arks d b and 
bc will be equal to a Semi-circle, becaufe the two 
Angles dab and bac are fuppofed to be equal to 
two Right Ones, Wherefore the Lines d aand c 4 
will make a Diameter, and confequently be joined 
into one Right Line. 

_22.1f from the Point 4 you draw feveral Lines, as 
ad, af, ab, ah, ag, €cs they will make Diverfe 
Angles ; . and all thole Angles taken together, be they 
more or lefs, will be equal to four 
Right Ones. For ‘tis clear, all 
thefe Angles together .do compleat 
the Circle db ¢ e, whofe Circum- 
ference they divide into as many 
Arks as there are Angles. Now 
all thefe together are equal to four - 
Quarters of a Circle; which is 
as much as to fay, that all the Angles are equal in 
the whole to four Right Ones; for fo many Right 
Angles do alfo compleat the Circle. 
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AXIOMI 


Tf to, or from equal Things, you Add or 
Subfira& Equals, the Sums or Remain- 


_ ders will be equal. 


23. The Vertical or Oppofite Angles are equal. 
Ler there be two Right Lines d a cand 6 a e (croffing 
or cutting one another in the Point a,) I fay, the An- 
gledaeisequaltobac. Forthe Ark 6d with the 

' Ark 4 ¢ makes a Semi-circle ; and 
fo doth the fame Ark b d with the 
b Ark d e. Therefore the Ark bc 
muft be equal tod e; becaufe the 
Ark d 6 continues the fame, whe- 
C ther it help to compleat the Semi- 

circle with d e or bc: (wherefore 

being taken away from both, it muft 
leave the Arkd e equaltobc. But if the Arks be e- 
gual, the Angles fubtended by them muft be fo too, and 
therefore the Angle d ae 1s equal to bac.) And by the 
fame Reafon the Angle d a b will be equal toeac, 
_ 24, The Circumference of every Circle is (/up- 
pofed to be) divided into 360 equal Parts, which are 
called Degrees: And every Degree into 60 Minutes, 
every Minute into 60 Seconds, every Second into 66 
Thirds, and fo on infinitely. And to determine the 
Quantity of every Angle, we compute the Degrees 
that (the Ark, which is its Meafure) doth contain, 
v. gr. When we fpeak of an Angle of 90 Deg. we 
mean a Right Angle ; becaufe the Right Angle con- 


tains the fourth Part of the whole Circumference, — 


which is 90 Deg. the fourth Part of 360. Soan An- 
gie of 60 Deg. is an Angle that contains two Thirds 
of a Righr One. . 25. (Deg. 
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25. (Degrees are marked either with Degtr. or ufuall 
‘with a {mall Cypher over the laft Figure, as 60°.) Mi- 
nutes with a {mall Line, as 50’, Seconds with two 
fuch, as 20/, Thirds with three fuch, as 25/!/, €3c, 
So that 25° 32’ 43", is to be read, 25 Degrees, 
32 Minutes, 43 Seconds, : 

26. Two Lines are {aid to be Parallel, when they 
run always equi-diftanc from . 
each other. Thus the two g——B 4 
Lines a banded are Parallel, : : 
if they are equally diftantfrom | : 
each other in a e, in BD, in © reo 
6 d, and in all other Places. Gp 

27. This Diftance is always Meafured by a Per- 
pendicular; as if from the Point 4 you imagine the 
Line ae to fall Perpendicular on ec; as alfo doth 
the Line 6d onthe fame Line; we naturally conceive 
that if thofe two Perpendiculars are of the fame 
Length, or equal: the two Lines a b and e d are e- 
qually diftant from each other in thofe two Places, 
which is felf-evident and needs no Proof. 

28. Two Parallel Lines being continued infinitely, 
yet can never meet. For being always equally di- 
ftant, there may any where be drawn between them 
a Perpendicular equal to ae cr bd, and confequent- 
ly they can never meet. 

29. Two Parallel Lines, have the fame Inclinati- 
on, one as the other, to 
any right Line that crof- 
fes them both, 

That is, the Angle 4 
will always be equal to 
b, arid c to d; for the 
Interfecting Line being 
fuppofed inflexible, as 
is the Cafe of all Ma- : 
thematick Lines, it cannot bend to, or from one 
‘ | Parallel 


ee 


Parallel more than it doth to or from the other: And — 


neither of thefe Lines can alter its Pofition in re{pect 
of the Croffing Lines, for then the Parallelifm would 
be deftroyed, which Contradicts the Suppofition, 


And this is the firft Property of Parallel Lines, 


30. Whenever a Right Line cuts two Parallels, it 
makes with them eight Angles: Of which, four a. 6. 
h. g. are External ; and the other four 
c. d. e, f. are Internal. The Angles 
cand f, as alfod and e, are called 
*..,_~- Alternate. The Angles e and a, as 
fg alfo f and 6, are called the Internal, 

and Oppofite on the fame fide. And the 
Angles d f, as alfoc and e, are called the Internal 
Angles on the fame fide. 


AXIOM IL 


Things equal to a Third, are equal to one 
another. 


31. The Alternate Angles c and f muft be equal ; 
as alfoe and 4d; for c is equal to the Vertical Angle d, 
and 4 is equal to the Internal one f, by the laft Prop. 
Wherefore cand f being both equal to 6, muft be 
equal to one another. 

The fame may be proved of ¢ and d, which are 
both equal to a, i 


aS! 
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32. When a Line falls on two Parallel Ones, it 
makes the Internal Angles on the fame fide equal to 


rwo Right Ores. 


J fay, the Angle d with f is equal © 
to two Right Ones: Becaufe f is e- ee 3, 
qual to ¢ (by 31) and ¢ and d roge- Cnn 
ther are equal to two Right Ones __¢@ 
(by 20.) Therefore f and d togee Ber 
ther muft be equal to two Right 

Ones, which was to be prov'd. 

(The fame way may c and é together be proved equal 
to two Right Ones; for c and d taken together are fo 
(by 20) but d is equal to e (31.) Therefore c and e are 
equal to two Right Ones,) 

33. One Propofition is called the Converfe of a- 
nother; when after a Conclufion is drawn from 
fomething Suppofed, in the Converfe Propofition that 
Conclufion is Suppofed; and then that which was in 
the other Suppofed, is now drawn as a Conclufion 
from it? For Example: We fay here, if two Lines 
are Parallel, (and another crofs them,) the Angles d 
and f together, are equal to two Right Ones: Where 
we fuppofe the Lines to be Parallel, and from thence 
‘conclude thofe Angles muft be equal to two Right 
Ones: But the Converfe is thus, If the Internal An- 
gles on the fame fide, d and f together, are equal to. 
two Right Ones; Then thofe Lines are Parallel: 
Where after we have fuppofed the Angles equal to 
two Right Ones, we conclude the Lines are Pae 
fallel. , | 

34. Converfe Propofitions in this Cafe are very 
‘True; as that, if a Line cut rwo other Lines, and 
makes the Alternate Angles equal ; Thofe two Lines 
a. Parallel: Which I defire the Reader to remem- 
ber, 
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35. If two Lines are Parallel toa third Line, they 
are fo to one another. | 
‘  Lerthe Line «2 4 be Parallel toc d; and lete fal- 
fo be Parallel to the fame Line c d ; I fay, ab is Pa- 
rallel to e f: For if you draw a Line 
as bd f cutting them all Three ; the 
Angie 0 will be equal to d (by 31.) 
and the fame d will be equal to f (by 
(31:) becaufe e f is alfo Parallel ro e d. 
- Wherefore the Angle / muft be equal 
tof: Becaufe by Axiom 2, if two things are equal 
to a third, they are fo one to another: But if the 
Angle be=f, then the Line « b is Parallel to e f 
(by 34.) 3 
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“Of Tangles Tele 


3 
a Fi irons Ace.com affed! ound 
ea - all- ‘Sides. And na the ‘ines 
\ which "Tetthinate i it, are all Right 
ya} Ones ‘tis called a Rectilineal (or 
Ku! Right Lined). Figure: If they are 
, == Crooked, ‘tis called a Curviline- 
al; ang if they are partly Right Lines, and partly 
“Crooked, "tis called a Mixt Figure, 
rote There are Plane Figures, which are Plane Sur- 
faces, and rhere are Solid Ones, which have three 
“‘Dimenfions.. But we {peak here ‘only of Plane Sur- 
faces, or Plane Figures. — 


3. All 
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3. All the Lines which encompafs any Figure taz 
ken together, make that which is called the Circum- 
ference, Perimeter, or the Compals of the Figure. 

4. Of all Curvilineal or Mixt Plane Figures, in 
Common Geometry we confider properly only the 
Circle, or a part of a Circle rerminated on one fide 
by an Ark, and on the other by one or more Right 
Lines. | Fs tale oO See 

5. Of Rectilineal. Figures, the moft-Simple are 
Triangles, which are Terminated by three Right 
Lines (and no more) making Jas many Angles, 

Ifa Right Line, (A B) having one of its Ends or 
Points (as A) in the Vertex or Top. of the Angle, 
EAD, bemoved downwards, with a Motion always 
Parallel-to its felf, fo thatthe Point A fhall always 
keep in or touch the Line AE, until ic come to be 

ii all of ic within the 
| t) { SIjegs of the Angle 
saves, af D ; that is, till 
it come to be in the 
Fore asnseonni iy. - Situation E F; that 
F 2 yntensanens i Line fhall in its Mo- 
: tion continually cut 
we Nei. the Line AD, and 
ia, | Weems Nei ar length deferibe 
1D PADS sacainaseenenttesrs OOS the Triangle EAF 
" Np within the Legs of 
7 | / ““* ‘the Angle; as alfo 
TER OMT 1h Pay ae ee another equal to it 
(AFB) -6n the other’ fide of the Lin¢ AD. “The 
‘Parts of which latter Triangle thall continually De- 
creafe, as thofe of the former A EF} do continually 
Yncreafe. And the ‘Line A B fhall alfo defcribe with 
its whole length the Quadriateral Figure A E PDs 
which will be divided into two equal ‘Parts by the 
Diagonal Line A F. | a 


pececp 
= 


‘ oar 
sngnsannenanmesen sehen? ea 


N. B. 


* * 


- 
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N. B. The Line AB may-be called the Deferi: 
bent, and AE the Dirigent, becaufe the latter 
directs the Motion of the former, 


6, A Triangle as 2, which hath 
one Right Angle, is a Right-an- \ - 
gled Triangle ; if it have one An- NX 
gle Obtufe, ‘tis called an Obru/e- 
angled One. as b; and if all its 


three Angles are Acute, ‘tis cal- 
led an <Acute-angled Triangle, 
as ¢. 

4. If a Triangle have all its 


three fides Unequal, ’tis called a- 
Scalene, as d. If it hath two fides 


wa 
equal, ‘tis called an I/o/celes, ase; 
And if all the three fides ‘are e- | 
qual, ‘tis called an Equilateral / f \ i, 
one, as f. 

8, When two fides of a Triangle are confi der’d; 
a may be called its Legs, and the third fide 

may then be. called the Bafe. But any one fide 
may be called the Bafe, tho’ we ufually and moft pro- 
perly call that fo, which lies Parailel to the Horizon, 
and which is next to us, 

9. In every Triangle, the three Angles taken ta- 
gether are equa! to two Righr Ones, 

Let the Triangle bea bc: I fay, tharthe Anglea - 
added to the Angle c, added to the Angle 4 (or the 
Sum of all three) are equal totwo Right Ones. For 
let d e be drawn-Parallel to the Bafe a2.c, then will 
thofe two Parallel Lines be cur by the Line bc; and 
confequently the Alternate Angles c¢ and d will 
be equal to, each,other (by,.z., 31.) Moreover the 
Line 6 a falling on, or cutting the fame Parallels 
a ‘: and ac, will make the two Internal Angles on 
the 


@ .RTEMENTS 

the fame fide equal to two Right Ones ; that is, 2 ad- 
ed to a b e ate equal to two Right Angles (by 1. 

| 32.) But the Angle a b é contains 

the two Angles 6 and d. So that 


mer the Angle ¢ added to 6 added tod, 
will be equal to two Right Ones, ’ 
But ¢ being equal to d, it will fol- 


“= low, that 2 added to b added to C4 

or the Sum of all three together, 

tnuft be equal to two Right Ones: Which was to — 
be Proved. 

" yo. If any fide of a Triangle be produced, of 

drawn out, ile external Angle - 

a- will be equal ro the rwo Inter- 


Ae bt nal Oppofite Angles, (taken to- 

| gether.) Let the Triangle be 

d yeas abo, whofe Bafe cb draw out 

M ih: 2 ¢. tod, by which méans a New 

Angle as e will be made, which. 

is called the External Angle of that Triangle. Then 

I fay, that That External Angle e, is equal to both 
the Internal and Oppofite Ones a and c. 

_ For thofe Angles a and ¢ together with bare equal 
to two Right Ones (by the Precedent,) and fo alfo 
are'e and b by (1. 20,) wherefore e muft be equal to 
aadded to-c, becaufe together with b, it makes two 
ais Angles, as they do. Q. E. D. 


COROLLARIES. | 


aw, ‘The Sum of the three Angles of all Triangles 
is the fame. 


2. No Triangle can have abové oné Right, or 
Obtufe Angle. 


3eK 


he &, 
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3. If in any Triangle one Arle be Richy, the 
other two muft be Acute. : 


4. Ifin any Triangle there be one Angle cael to. 
“Both the others, that muft be a hee One. . 


Se if you know the Degrees ae one 2 Angle i in any, 
Triangle, you know the Sum of.the other two:; for 
fis what is wanting of 1 80°, and ifthe Sum of any two 
be known, the Quantity ofthe Remainder is Known, 


6. Hence if two Triangles have any. two Angles 
refpectively equal to one another, , EOS rémaining 
Angles muft alfo be equal. a 


7: The Angle of an Equilateral Tangle is > of 
two Right Angles, or ; of one hes Angle, equal 
to 60°, 


8, Hence ’tis very eafy to Trifect a ‘Right Angle, 
by making on one of the Legs an Faearerst Peis 
angle. 


11. If a Triangle AB C hath two anf ey AB and 
AC, equal to two others 4b and a cin another Tti- 
angle, and if alfo the Angle. A be e- : 
‘qual toa; I fay, the third Side BC q 
fhall be equal to bc; the Angle B e- 3 
qual to b, the Angle C toc, and the B¢ Cc 
whole Triangle ABC to abc, A 

For if we imagine the Triangle “7X 
abcto be placed upon ABC, fo that & C 
the Side a b fhall lie exactly onits e- 
qual AB: Then muft the Side 4c fall on irs equal 
AC, becaufe the Angle a is equal to A, and fo the 
Point ¢ will fallon C, and 5 pete B, and the whole 

Tri- 
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Triangle 4 6 c on the Triangle ABC; becaufe all 
things fo exactly anfwer, that nothing of the Upper 
Triangle can fall befides the Under one. 

12. Figures which do thus meer, fir, or anfwer to 
each other exactly, when they are placed one upon 
the other are called Congruous Figures, Quia mutuo 
Sibi Congruunt. — 

And therefore the third Axiom is, Que fibi mutuo 
Congruunt funt Aiqualia; 7, e.. Thofe Figures which 
placed one upon another, do anfwer to, and cover 
one another exactly, are equal. 

¥3- Iris alfo true, That, if a Triangle hath all 
its three Sides equal ro the three Sides of another 
Triangle, all the Angles alfo in one, fhall be equal 

to thofe in the other: And all the Space 
which one Triangle contains, fhall be 
1 ; ~ c equal to that contained in the other : 
= As if A B be equal toz4, AC toac, 
| andBCtobc: Ifay, that the Angle 
bl. S A fhall be equal ro a, B to 6, andC to 
c; and the whole Triangle ABC, to 

abc; this needs no other Proof. 

14. If the Angle A be equal to 4, the Angle B to 
b, and the Side AB toab: Then fhall the Side AC 
be always equal toac, BC toc 3 andthe whole 
Triangle ABC to abc: Which is eafy to prove by 
the precedent Propofitions. pee 

15. In every. I/o/celes Triangle, the Angles ar the 
Bafe, oppofite to the equal Legs, are equal. 

Let the Triangle be a bc, whofe Legs 

a aband ac areequal: I fay, the Angie 

bis alfo equal roc. For imagine the 

r BX Bafe bc divided into two equal Parts 

b4—— Cc in the Point d, then will the Line ad 

(which let be drawn) make of the whole 

two Triangles, 26 d and dac, which will have all 

three Sides in one, equal to thofe in the other: For 
; | | a 
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abis equal to ¢c by the Suppofition, and bd is e-. 
qual to dc, and adiscommon to both. Where- 
fore (by 2, 13.) the whole Triangle b ad is‘equal to 
dac, and the Angle is equal to ¢ ; which was to 
be proved, ol . 

16. In an Iofceles Triangle, if a Line drawn from 
the Angle at the Top do (biffe or) divide the Bafe 
into two equal Parts, it is both Perpendicular to the 
Bafe, and alfo biffects the Angle at the Top. For 
(vid. Fig. precedent.) the Angle'adc is equal to the 
Angle ad b (by the laft) and confequently they muft 
be both Right ones ; and ‘therefore the Line 4d is 
perpendicular to the Bafe bc (1. 15.) and the Angle 
dac will be equal to dab (by the laft Prop.) 

17. In every Triangle the Greater Side is always 
Oppofite to, or fubtends the Greater Angle, 

In the Triangle a bc, ler the Side bc be longerthan 
ba; then I fay, the Angle b@c fubtended by the 
Greater Side bc, is bigger than the Angle c, which 
is fubtended by the |r ffer Side. For ler bd be taken 
equal to ba, then will abd bean 
Tfofceles Triangle ; whofe Angle a 


bad will be equal to bda (2. » 
15.) But the Angle cab is big- tf \ 
ger than bad ; (The whole being 5 qe 
greater than the Part) and therefore 

muft be bigger than bda (which is equalba d.) 
Now the Angle ad bisan External Angle in re- 
{pect of the little Triangle 2 d¢ ; and therefore muft 
be bigger than the Internal one c (by 2.10.) Where- 
fore the Angle 6 ac being bigger than d, mutft cer- 
tainly be bigger than c; which was to be proved. 


C 2 18. Of 
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18. Of all Lines that can be drawn from a Point 
given to a Line given, the Shorteft is the Perpendi- 
cular; and they are all Longer, according as they 
ry _... are farther diftant from ir. Let the 


b given Line be ad, and the Point 
| given 6; let ba be perpendicular to 
SG —__£ | das let alfo be and bd be drawn. 


I fay, that b4 is the fhorteft Line 
that can poffibly be drawn from; and (for in- 
ftance) is fhorter.than be (or any other that can be 
affigned): And I fay alfo, that 6d is longer than 4 c, 

For in the Triangle bac, the Angle a isa Right 
One, and confequently, bigger than either of 
the other ;_ becanfe they muft neceffarily be both 
Acute (by Cor. 3. of Art. 10). Therefore the Side 
éc is longer than } a (2.17.) as {ubtending a greater 
_ Angle. | 

So alfo inthe Triangle db, the Angledcb is 
Obtufe, becaufe the Angle bc ais Acute: And con- 
fequently the Side d b muft be longer than c b, as 
f{ubrending a greater Angle (2. 17.) 

19. In every Triangle any two Sides taken toge- 
ther are longer than the Third ; becaufe a Right 
Line is the neareft Diftance between any two Points. 


PRO- 
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PROBLEM I. 

On a Line given ad, to make an Angle B, 
equal to a given one Z, 


_ Place the Compaffes inc the Vertex of the given 
Angle, and defcribe the Ark Rr; then keeping them 
at the fame _diftance, 
fet one Foot in 4, one 


end of the given Line, : : B 
and with the other de- 4 
{eribe the Ark od; E i 


fer R r from dto 6; ¢ Mi 
And draw a 5, fo fhall , 9 “hb 
the Angle 64d or B *. 
be equal to Z, 
For the Legs of 
each ate Radii of e- & rc j 


qual Circies, and the 

Line 6d was taken equal to Rr, wherefore the 
whole Triangles c Rr and 4 6 d muft be equal (by 
13.) and confequently the Angle a equal to ¢, 


PROBLEM UI. 
Hence the Pra&tice of making all forts of Triangles, 


Equilateral, Wofcelar ; or without any given 
Angles or Sides, will eafily appear: 
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PROBLEM IIL. 


A Right Line, as P, being given, ta draw 


thro’ a, a P oint given, the Line Za, Pa- 
rallel to it. 


‘Through « a dtaw any Line, as XX’ making any 

Angle, as B with the 

xX given Line,” "Then niake 

the Angle Za X = tod, 

and Z a {hall be the Pa- 
rallel fought. 

For the Alrernare An- 

gles a and } are equal by 

Ge Conftruction ; Where- 

< a NG fore Z% a is. Parallel to P 

greg d,(by 1.31) QED. 


PROBLEM igen 


isle Bijed at Divide a given ais ¢ binto 
two equal Parts in' the Point a. 


Sige the Compaffes to more‘than = the length of 

bac, and with thar diftance make at 
saneee> each end of b.4 c,: tworpairs of inter- 
yaks fectine Arks, as ar.¢andd: Then 
drawing the ‘Line e d, ix will Biffecd 
— the given Line in a. 

For the Triangles bed and dec.are 
equal (by 2.13.) Wherefore the Angle 
adb-adc. Vhereforethe Triangles 
abdandadc will be equal alfo (by 
2,14.) and confequently, abis=toac. Q.E.D. 

 PRO- 
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Peo RRO BEE MVE 


By much the fame Method may a Perpendicular, aad, 
be raifed in the middle of any given Line, or one may 
be, let fall from the Point e or d, to the given Line 
abc, And the Demonftration is the fame in all: 


And after the fame way of Prattice map 
_the given Angle bdc be Biffetted. 


If {etting one Foovof the Compaiffes in a, you take 
_dbequaltodc. And then fetting the Compaffes in 
_ band c, ftrike the Arks interfecting each other in ¢’¢ 

So fhall de biffect the Angle requit’d, 


24. 


PORIRRALRAITAE 
SOLS OLS) 


t349 “i ¢ tk db APE + 


aoe OOK TL 


oF Quail Figures and 
_ Polygons. 


=] HOSE Figures, whofe Sides are 
A four.Right Lines, and thofe ma- 
ne (@E king four Angles, are called Qua- 
iG drilateral, or four-fided Figures. 

ON 2! When the oppofite Sides are 


weasel) Parallel, the Quadrilateral Figure 
is PAE: a Parallelo ram, as 4; butif not, 
[4 78/ 7g | ’tis called a an rit ae as B. | 
3. When the Parallelogram | hath all its four Angles 
Right, ’tis called a Reélangled Parallelo- 

[el qe ran ; or for brevity’s fake a Rettangle, as 
And if the Angles are right, and the 

Suh Us al equal, ‘tis called a Square, as d, ‘ 
4 it 
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4, Ifa Parallelogram hath all its Sides equal, bur 
its Angles unequal, then “tis calleda°> 7) 7 
Rhombus, ase. eo ppg 

5. If a Parallelogram hath neither 
its Angles nor Sides all ‘equal, ‘tis cal- 
led a:Rhomboides, as a. rh 

The Generation of all Parallelogramick Figures 
will be eafily conceived, if | iy Magan Hay 
you fuppofe the: Deféri- : 
hent AC. to be carried (a aa a 9 
or moved along the Di- 
rigent AD, in 4 Pofition 
always Parallel to it felf 
in its firft Situation. For | 
then, ifthe Angle A which D. ~ Bes Ee 
the Defcribent. makes 
with the Dirigent, be a right One, and A B be equal 
to AD: The Figure produced willbe a Square, If 


Hi 


AC be longer or fhorter than A D, the Figure will 


a 


be an Oblong, or a Rectangle. | 

Ifthe Angle at A be Oblique, ‘onlya Parallelo- 
gram at large will be defcribed :| Which when the _ 
De(cribent is equal to the Dirigent, the Figure will _ 
be a Rhombus ; if unequal to it, a Rhomboides, 


i SfEOROL LARTER s. 


I. Hence ’tis natural to fuppofe,. that equal Lines 
moving thro’ the fame:or-equal Spaces, will defcribe 
equal Surfaces, Ao tid | 


Il. Equal Lines, with uniform or equable Motions 
(.e. being neither accelerated nor retarded) in e- 
qual Times, will defcribe equal Surfaces: And if 
they do thus’ defcribe equal Surfaces, ic muft be in 


equal Times, Tl Hance 
fi is | III, Flence 
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III. Hence alfo, ifthe Line 4 in a given Time de- 
{cribe the Parallelogram A, and the equal Line 6 in 
the fame Time defcribe 
the Oblique Parallelo- 
gram B or C, whofe 
Perpendicular. Altitude 
_ is the fame with that. 

. of A: Thofe Parallelo- 

~ grams will be all three 
equal one to another. 
Becaufe the Oblique Motion, which the Line /hath, 
whereby ‘tis carried, either to the right or left Hand, 
is by no means contrary tothe direct Motion down- 
ward ; and confequently, the Line b wilh move the 
fame perpendicular Diftance in the fame time, with 
an equable Motion, wherher the latrer Motion be 
impreffed upon it or not. Wherefore, | 


IV, All Parallelogramick Figures, with equal Bafes 
and equal Perpendicular Altitudes, muft be equal, 


6, In every Parallelogram, the oppofite Angles are 
equal, Let the Parallelogram: be oc: 
/ Ifay, the Angle o, is equaltoc; for 
the Angle o is equal to the Alrernate 
one b (1. 31.) and the External one 
is equal to the Internal onec (1. 31.) 
wherefore o is equal to c. 
4. ALineas db drawn acsols the 
9’ Figure from Angle to Angle, is cal: 
_ led the Diagonal, and by fome, the 
Diameter. 
- 8. Every Parallelogram is divided into two: yequal 
Parts by the Diagonal. The Diagonal d divides the 
Parallelogram.o c, into the twoequal Triangles ob d_ 
and be d. “ihe 1. The ee 0 is equal to ¢ Pict 6 ci 
The 


‘ 
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2. The Angle obd is equal tocdb (1. 31.) and 
the fide 6d is common to both thefe Triangles, 
wherefore the Triangle o bd is equal to cd b.. (by 
2. 14.) © 
9. In every Parallelogram, the oppofite Sides ar 
always equal. 7 : 
For (drawing the Diagonal db) the whole Trian- 
gle do b will be equal to the Triangle bcd, _ by the 
foregoing Prop, And confequently, the Side cd muft 
be equal to o 4, and the Side od toc b. 
_ 40. Two Diagonals ac and bd do biffect each 
other in the middle at e. 
_.For in the two Triangles aed and bec, the Side ad 
is equal to bc(3. 9.) The Angle ea dis equalto ecb 
{1.31.) and. moreover the (Vertécal) ‘ 
Anglesaedandceb are equal alfo 4 4 
(1. 23.) Wroerefore the whole Triangle " 
aed is refpedtively equal to thé Trian- d'— 
gle bec (2.14.).. And confequently, inh 
the fide d e is equal to e b, and the Side a e to the 
Sideec. The two Diagonals therefore biffect each 
other inthe middle. Q. E. D. 
rr. Every Right Line, as fg, paffing through the 
middie of a Diagonal, divides the: Parallelogram into 
two Equal Parts. | 
_ Todemenftrate which, the Trapezium or Irregular 
Quadrilateral Figure fg d 2 muft:be proved equal to 
the Trapeziumf gc b. And thacisthus done. 1. The 
Triangle be fis equal to the Triangle deg : For the 
Side de is equal toe b by the Suppofi- : 
tion; andthe Anglee fbiis equal to a Fs, 
@gd (1. 31.) and the oppofire Angles De 
at e are equal ; wherefore the Triangle d a iC 
ef bisequaltoed g (x 14.) 2. The 3 
great Triangle abd is equal to bdc (3. 8.) wherefore 
if from the Triangle abd you take away the little 
Triangle fe b, and inftead of it pur the Triangle e dg 


(which 
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(wibich § is equal to feb) you will have the Trapezium 
fadg, which will be equal to the Triangle a db: 
That is, to juft one half of the whole Parallelogram* 
(3. 8.) which was to be proved. 

12. If in the Diagonal db you take a Point as e, 


and thro’ ic draw two Lines hz and fg Parallel tothe | 
two Sides of the Paral Nelogram, * it 


H di a in : 
LZ tedebaberatchgiint, WE se 


(which two are called the Paralelo- 

a< 4 =, grams about the Diameter) and ae, 

ec: which other two ‘are called 

the Complements. And thofe two Complements with 

either of the Parallelograms s aboutthe Diameter,make 

a Figure that is called a Gnomon. As you (ee in the | 

Figure, where the Gnomon is diftinguifhed by being | 

fhaded. 

13. In every Parallelogram the Complements are 

Equal. We muft prove thar ea is ‘equal to ec, 


DE MONSTRATION, * 


‘The whole Triangle 2 b dis ‘equal to the whole 
b dc (3.8-) And thelirtle Triangle ef b is (forthe 
fame Reafon) equal toe dz. And 
b the Triangle ed is alfo (by the 
j fame) equal to e dg. Wherefore 
if, from the two equal Triangles 
Scaibid and bd c, we take away equal 
things, wz. if ‘from one we take a- 
way ef b and dh ¢, and from the other eb i and egd, 
there will remain on one Side the Parallelogram ea, 
equal to the Parallelogram ec, which remains On 
the other ; which was to:be proved. 
ae Parallelograms having the fame Bafe, and bes 
ing between the fame Parallels, are equal. it 
Let 


Hs 
ys 


/ 


it, 


i 


(= 


pti 
i 


% mil my 
a 


CSS 
SS 
[Sas 
SS 
—————-4 


Book Ill. of GEomeTry. - 49 
Let there be a Parallelogram 4 c, and another af, 

oth on the fame Bale 24; and Jet the 
Line c d, when produced, be fuppofed to ¢n,4_€ 4 
pafs by ef; So that the two’ Parallelo- i 

grains fhall be between the fame Paral- 4u “ad 

lels, and Terminated by them; that is, ) 
between the two Parallels cfand ab, I fay then, 
that the Parallelogram c bis equal to af. 

For c a4 is equal to bd, and ae equal to bf, be- 
caufe oppofite Sides of Parallelograms, and the An- 
gles at c and d equal (by 29. 1.) wherefore the Tri- 
angle c ae is equal to the Triangle db f.. Now if 
from each of thefe equal Triangles be taken the lit- 
tle Triangle doe, and to the remainders be added 
the Triangle ao 5, the Parallelogram a d will be e- 
qual to the Parallelogram af. Q.E. D. 

15. Parallelograms on equal Bafes ab and g hb, and 
berween the fame Parallels 4 b and cf, are equal. 
For if we imagine the third Parallelogram f 4 to 
be drawn ; that fhall be equal to the Parallelogram 
ad, becaufe onthe fame Bafe a b with 
ir, and between the fame Parallel 
Lines 2h and cf. And that Paral- 
lelogram will alfo be equal to eh, 
becaufe it haththe fame Bafe ef with 
it (ic matters not. whether you reckon 
the Bafe above or below) and it is between the fame 
Parallels. Therefore be and be, being both equal 
to the third Parallelogram’ fa, muft be equal to 
each other. 

16. Triangles on the fame Bafe a 5, and being be- 
tween the fame Parallels cf and 44, 
are always equal. c 

The Triangle a dc is equal toae b: 
Becaufe if you imagin a Line 4d drawn 
Parallel to ac, and another as b/, drawn 
Parallel to ae; there will be madetwo Parallelograms 

eens As Ra eA AHS acdb, 
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acdbandaefb; which being on the fame Bate, | 
and berween the fame Parallels, will be equal to one | 


another (3: 14.) | 


But the Triangle 2 bc is the half of the Parallelo- | 
gram acd, and the Triangle a be is the half of the | 
Parallelogram aef (3.8); wherefore, (/fincethe 


wholes are equal, the halves muft) and confequently 
the Triangle a ¢ 6 is equal to the Triangle a eb 


17. Triangles on equal Bafes, and between the 


fame Parallels, are alfo equal ; as is very eafy to 
prove from (3. 15). , 
18. Ifa Triangle a e b have the fame Bafe witha 


Parallelogram, and be — 


alfo between the fame 


be equal to abe, which 
is juft half (3. 8.) of 
abcd, 

The Menfuration of 
all Squares, Rectangles, Parallelograms and Trian- 
gles wiil be underftood from what hath been deli- 

verd above.. If you reels 
1, That the Deferibent AB 
a eB fi Os eA C, before its motion, be 


| 


“rf the Dirigent (now fuppofed ro 

D ees ftand at Right Angles with it) 
K ~ into the fame or any other Num- 
ber of {uch Parts ; for then the 

Motion of the Defcribent Line, thus mark’d out by 
Points into Units will defcribe a Square (if the Di- 
rigent be equal to.it,) and a Rectangle if it be une- 
qual. Which Square or Rectangle will be divided 
into as many little Squares, as there are Units in 
| the 


-:-f divided into any determinate — 
-i-f Number of equal Parts; and 


Parallels, ic fhall be juft — 
the half of that Paralle- _ 
logram. For #t will ftill — 
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the Product of the Number of the Divifions, or equal 
arts in one Line, Multiply'd by thofe in the other. 

hat is A B 4 Multiply’d by A D 4g, produces 16, 
The Square of 4. And AC 6 Multiply’d by AD 4 
produces 24 ; the Rectangle under AC and AD. 
So that what is a Product in Numbers or in Arith- 
metick ; in Lines, or in Geometry, is called a Rect- 
angle. And therefore you will find the Latin Wri- 
ters of Geometry, when A'C is to be Multiply'd by 
A D, not faying Multiplica, but Duc AC in AD. 
That is, carry the Line A C along the Dirigent AD, 
in a Normal Pofition to ir, till ig come to end, and 
then it will form the Rectangle A F==24; wherefore 
the Area of a Square is found, by Multiplying the 
Side A B into it felf. 

The Area of any Rectangle, as AF, is found by 
Multiplying the Side A C 
by AD. 

And fince a Rectan- 
gle on the fame Bafe and 
of the fame Altitude with 
a Parallelogram is equal 
to it; to find the Area of 
any Parallelogram as A B,you muft multiply the Side 
AC by a Perpendicular as P, let fall from the other 
Side to ir, | 

And fince every right-lined Triangle is the half 
ef a Parallelogram or 
Rectangle of the fame A 
Bafe and Altirnde: To 


find the Area of the. Tri- 
angle ABC, yon muft 
Muitiply any Side as BC, R 7 


by a Perpendicular as P, Cc 

Ter fall to it from an oppo- 

fire Angle, and take half the Product: or if either P 

or Bhappen to be even Numbers, Multiply one ‘ 
to 


a 
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- Lofthe other, the Product is the Atea of the Tti- 
. angle. 

19. A Pentagon is a Figure having five Sides and 
five Angles. : . 

If all the Sides are equal, and confequently the — 
Angles, ‘tis called a Regular Pentagon, 

20. An Hexagon is a Figure of fix Sides and An- 
gles, an Heptagon of feven, an O@agen of eight, Sc. 
which are all called Regular when they have equal 
Sides and Angles. 

21. A Polygon in general fignifies any Figure of 
many. Sides and Angles; but no Figure is called by 
this Name,unle{s it have more than four or five Sides. | 

22. Every Polygon may be divided 


b—e _ intoas many Triangles as it hath Sides, 
OO) q if any where within the Polygon you 


take a Point, as 4, and from thence 

FF € draw Lines to every Angle 26, ac, © 
ad, &c. they fhall make as many © 
Triangles as the Figure hath Sides. ; 
23. The Angles of any Polygontaken all together, 
will make twice as many Right ones,except four,as — 
the Figure hath Sides, v.gr. If the Polygon have fix 
Sides, the double of that is 12, from whence take — 
four, there remains eight. I fay, thatallthe Angles 
of that Polygon, viz.b, c, d,e, f, g, taken together, are — 


equal to eight Right Angles, For the Lines 4b, ac, — 
ad, €5c. do divide the Figure into fix Triangles; the ~ 
three Angles ofeach of which are equaltotwo Right 


ones (2. 9); fo thar all their Angles togethermake12 
Right ones. But now, each of thefe fix Triangles 


hathone Angle in the Pointa, and byit they compleat ~ 


the {pace all round the faid Point. Andall the Angles — 
about that Point,are equal to four Right ones (1.22.) — 
Wherefore thofe four being taken from 12, (The Sum 
of the Right Angles of all the fix Triangles) leaves — 
eight, the Sum of the Right Angles of the ante 5 t 

. ya which 
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which make 8 times go, or 720 Degrees ; and there- 
fore each Angle muft be ? of thar, vz, 120 Degrees. 

So that the Figure hath plainly twice as many 
right Angles as it hath Sides, except.four ; which 
was to be proved, 


COROLLARY. 


All the external Angles of any right-lined Figure,. 
are equal to just four , 
Right Ones: For draw- 
ing out the Sides as in 
the Figure, ‘tis plain ~" 
the Internal and Ex- 
ternal Angles together 
will make twice as ma-_ . 
ny right Ones as the ~’ 
Figure hath Sides ; but 
the Internal Angles are 
equal to all thofe ex- 
ceptfour (by this Prop. | : 
Wherefore the External Angles muft make up thefé 
four, and nomore. 

24. A Polygon may be divided alfo into Triangles, 


by drawing Lines from Angle to An- — 
gle. But then the Number of the . 
Sides will exceed that of the Trian- WE 


gles. And hence the Area of any 

right-lined Figure may be found, by: 

reducing it into Triangles, and then finding the A- 

Ee? ef each Triangle feverally, adding all into one 
um, | 


Dee PRO. 


ej BLA AP eS 


; PROBLEML 


On a given ie ab, to make a Parallelo- 
gram, baving an Angle equal to a given 


Angle A. 


Make the Angle c a b= A, Then takea bin your — 
Compaffes, and fetting one Foor inc, ftrike an Ark 


as d: next take the Diftance 2c, and placing one — 
Foot in b, crofs the Ark in d: drawed and d 6, and © 
it is done. . 

And thus alfo may the Line cd be drawn Parallel _ 
to ab, thro’ a Point affigned, and any Parallelogram — 
readily be de{cribed. 3 


PROB. 
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PROB. IL 


A Triangle ab d being given, to make a Pa- 
rallelogram equal to it, which foal have 
a given Angle equal to A. 


Biffect the Bafe of the Triangle in c : Make the 
Angle cd e=A, thro’ the Vertex 2 draw a e Paral- 


lel to the Bafe bd. Make 2 e=c d and draw ac. So 
will ¢ e be the Parallelogram required.» 

For being on but half the Bafe, and of the fame 
height with the Triangle, it will be equal to ir, by 
the 18th of this Book, and its Angle c d e is equal to 
A, QO: Ey ¥. | 


PROB. IIL 


On a Line given as L, to make a Parallelo- 
gram, equal to a given Triangle cbe, 
and having an Angle equal to an Angle 


given, aA. 


_ Make the Parallelogram do equal to the Trianglé; 
and having its Angle e —= A, by Problem the laft, 
D 2 Then 
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Then produce po tillo m become equal to L, and 
draw outdetille nbealfoequaltoL. Thendraw 


the Diagonal » 0, producing it till it meet with d p 
alfo producedtof. Thendraw fk=dn, and nk = 
df; and that will compleat the Parallelogram f 7, 
in which the Complement g m will be equal to p e 
(3-13) which is equal to the Triangle c be, Q.E. F. 
.» And thus ’tis eafie to make a Parallelogram equal 
to any Right-lined Figure given : By reducing that 
Figure into Triangles, &c. 
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BOOK Ww. 


Of a Créte | 


arene 


rine is faid to Toisth (or, to be a 
Tangent to) a Circle, 
when tho’ produc’d 
both ways from the 
Point of Contract; ‘ir 
will only touchit, and d 
not cut or enter within it. ‘I'hus the Line 
atouches the Circle C, as that Circle C 
doth the Circle D ; burt denters within _ we 
the Circle, and cuts it, and # called a Secant.. 
2. If aright Line enter within a Circle and cut 
it into two Parts, thofe Parts are called Segmemes : 6 
is a lefs Segment and Da greater; That part of the 
apes D 3 Line 
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Line cutting the Circle ( and which is within it ) is 
called a Chord ase f. And the Parts of the Circle (or 
rather Circumference) cut off, are called Arks: The — 
Chord withthe Ark makes two mix'd Angles aseand — 
f, and they are called Angles of a Segment. | 
3. If you take a Point as c, in the Ark of any Seg- 
ment, and from thence. draw two Lines 
caand c b, (to the ends of the Chord) they 
E , fhallmake an Angle 2 cb; which is call'd 
a an Angle in a Segment : And that Angle 
Cy ach is {aid to infift or fland on a b d, the 

Ark of the other Segmenr below. 

4. A Sector of a Circle isa mixd 
Triangle. comprehended between two 
Radii, 46, ac, and the Ark of the 
Circle bc; ‘tis mark’d in the Figure 
by being fhaded. 

5- If at the end of any Radius, or Se- 
midiameter, 4 6, you draw a Perpendicular, as d 4, 
it fhall touch the Circle but in one Point. And all the 

Points of the Line b d fhall be withour 

db d_ the Circle, v. g. I fay, the Point d ( or 

VA any other affignable) is without : For if 

you draw the Line ¢ d from the Center, 

| and that fhall cur the Circle in the Poinr 

c, that Line 4 d will be longer than a 5; 

(2.17.) and confequently longer than 4 c, which is 

* equal to 2 b (1,14.) Wherefore the Point d is with- 
our the Circle, Q.E.D. £ i 

6, A Chord, as $c is divided into two equal Parts 

(or Biffected ) by a Perpendicular d a, 

drawn. from the Center:a. For the Tri- 


bdo angle abc is an Iefteles, becaufe ais 
equal roca (1. 14.) and. therefore the 
X Perpendicular 2d Biffects the Bafe bc 


(2, 176.) The Ark 6¢ isalfo by this means 
Biedeed city hee) eee 


7: Two 
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_. 7. Two Tangents, c band cd, drawn from the 
fame Point without a Circle, are equal one to ano- 
ther. For, draw from the Center to rhe Points of 
Contact, 6 a and ad. Then. will jthofe 
Lines be Perpendiculars to the Tangents 
(by 4-5.) Then if you draw alfo the 
Line 6 d, the Angle a b d will be equal to 
a db (2. 15.) Wherefore if from the 
Right, and ( confequently ) equal Angles 
cbaand cda, youtake away the equal Oneabd 
and a db, the remaining Anglescb dand cd 6 will 
be equal : Wherefore their oppofite Sides muft alfo 
be equal by the Converfe of (2. 15.) That is, ¢ 6 is e- 
qualtocd. QE. D. ; 

8. Equal Chords as bc and fh, do cut off equal 
Segments b dc andfgh. And the Perpendiculars ae 
and az, drawn to them from the Center, are alfo e- 
qual, as is eafily proved; (faith Pardie, but he gives 
us no Demonftration.) Yet’tu plainly thus proved: The 
Chords and Arks are both Biffetted by the Perpendicu- 
dars (4. 6.) And therefore the Seftors cad 
dab, fa g and g ah, muft be all equal; d. 

a alfo will allthe Triangles x, z,0 and k, 
by (2. 11.) Therefore their Doubles will 
alfo be equal, i.e. The SeGor ba c wil be 
equal tofah: And the Triangle bac to 
the Trianglefah, And if thefe laft Trz- 
angles are taken from the equal Seétors ha f and bac, 
the Segments b dc andh g f must remain equal. That 
the Perpendiculars are equal, & plain from the Equalie 
ties of the Trianglesz and o, or X and K. 

9. Let there be a Semidiameter Rc, and a Per- 
pendicular (¢o it.without the Circley RT, 
another Line cutting the Circle in S, R 
anda Perpendicular (let fall from thence) Gi 
tothe RadiusR Cin » (4 Point withm \ ¢ 
the Circle.) All thefe Lines have Artifi- 

D 4 cial 
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cial Names. The Line TR iscalled the Tangent of the — 
Ark RS (which fuppofe 30°.) T Cis called the Secant — 
ofthe fame Ark of 30°, and the Line S$ 7 is called 
the (Right) Sine of the fame Ark. R C is by fome 

called the whole Sine; but moft ufually the Kadius. 
‘And 7 R is called the Verfed Sine of the fame Ark. — 

. ro. If in the Circumference of a 

Circle, you take two Points, as a and 

b, and from thence draw two Lines to 

the Center c, and two others to any 

a 6 Point, as d inthe Circumference ; they 
e will make two Angles, of which ac b- 

“1s called ‘an Angle at the Center, and 

adban Angle at the Circumference. : 

11. The Angle at the Cenrerac bis alwaysdouble — 
to oné at the Circumference a db (in-— 


4 | Sifting with it on the fame Arkab) 


Of which there are three Cafes, 


@— 5 I. If one of the Lines, as db, pafs 
a ~.' ‘thro’ the Center c, then ‘tis plain the 
fexternal Angle 4.¢ b (2. 10.) will be equal to both 
he internal and oppofite Ones 2 and dtaken together. 

“But the two Angles dand a are equal, becaufe 
acd isan lfofceles Triangle, whofe Side a cis equal 
tocd (2. 15.) Therefore the Angle c at the Center 
being equal to both, is double of either alone : Thar 
is, double to d. .Q. BE: D: ~ “ 


IY. If neither of the Lines db, d e (which form 
| the Angle at the Circumference ) pa{s 
thro’ the Center c : (But fall both on the 
; fame fide of the Diameter) Let the Dia- 
v7, meterdce be drawn, Then will the 
whole Angle ac e fat the Center) be 
double to the Angle ade (at the Cir- 

| —camfes 
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cumference ) by what was proved in the firft Cafe, 
“Alfo the Angle 6 ¢ eis double to 6d e, by the fame. 
‘Wherefore if from the Angle ace, we take away 
that b ce, and from the Angle 4 de, which is the half 
of ace, we take away b de, which alfois the half 
of bce, the remaining Angle a d mutt be juft the 
half ofa cb. For ‘tis as plain as an Axiom, thatifone 
Quantity be double to another, and you take away 
from the bigger juft the double of what you take 
from the other, the remainder of the Bigger muft be 
_double to the remainder of the Leffer. 


Ill. If che Diameter fall between the Lines form- 
ing the Angle at the Circumference. 
Then will, as before, the Angle ace be 


double to ab e (by Cafe 1. of ths ) and ¢ 


b 
the Angle e cd. will be double toe bd IN 
d 


by the fame ; therefore the whole An- “irs 
gle acd muft be double to abd. (So 4; 
that in all Cajes, the Angle-at the Center 

% double to one at the Circumference if they both ftand 
on the fame Ark, or (which w all one) are in the fame 
Segment. 

12. All Angles (in the fame Segment or) uffting on 
the fame Ark a 4, are equal, let them 
‘Terminate in any part of the Circum 
ference whatfoever. 

For the Angle a d b will be equal to 
aeb, becaufe each is the half of the ©@ 
Angle ar the Center a ¢ 6 (4. 11.) 

13, An Angle at the Center b ce d 
ftanding on half of the Ark ae b, ise- ¢A-@X\b 
qual to the Angle a d 6 at the Circum- 
ference, ftanding on the whole Ark, 
For c # equal to twice x 3 ( by 4. 11.) 
and x % equa! too, that «to halfabd. ‘ 

(4. 6, and 4. 8.) Wherefore c # equal toa d b. Q.E.D. 
14, The 
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14. The Angle adb ftanding on the Semi-circum- 
ference a eb (or being in the Semi-circlead b) is a 
Right One. Let ce be drawn Biffea- 


| ing the Semi-circumference a e 6, then 
LA is (by the Precedent) the Angle ace 
al f, at the Center, ftanding on half a Se- 


ED, mi-citcle (or on a Quadrant) equal to 
Z adb at the Circumfererice, which 


a, 


ftands on twice that Ark or ona Semi-_ 


circle. Butaceisa Right Angle, wherefore ad 4, 
(it's equal) muft be fo too, 


CO ROPL EA RY T, 


Hence is derived the Common Practice of Epect- 
ing a Perpendicular,as a b,at the end of a given Line, 
3 For, opening the Com- 

“., pafles to any conve- 

+ nient diftance, fet one 
"Point in c, and with 
the other draw the 


© "|? Ark db a, curting the 
* hb given Line ind; then 


a Ruler laid from d to 

7 c fhall find the Point a, 
which is Perpendicularly over 6: For the Angle db 4, 
being in a Semi-circle, isa Right One. 


e 
. 
. . 
es eeaF 


C0 R- 
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Hence alfo arifes this expeditious Practice of 
drawing from a Point given as 4, a Tangent as 4 6, to 
a given Circle. For joining the Points 4 and d, the 


eere 
Leet IT ie i 


Center of the Circle, Biffect their Diftancé 4 din the 

Point c: On c, as a Center, defcribe the Semi-circle 

abd: Sofhall ab bea true Tangent, becaule the 

Angle 2b d being in a Semi-circle 1s a Right One. 
15. The‘Angle abd ina Segment lefs (than a Se- 

mi-circle) is Obtufe: Becaufe the 

Ark aed being more than half the 

Circumference, its half , the Ark ae, enw d 

smuft be more than 90°, therefore 

the Angle abd, which is equal to 

ace, (4. 13.) muft alfo be more than @ 

90°, that is Obtufe. . . 


16. The 
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16, The Angle 2b d made in a Segment greater 

than aSemicircle, is cute, 

t For ’tis equal to the Angle ace (4. 

13.) whofe Meafure a ¢ being the half 

4 of aed, an Ark lefs than a Semi-cir- 

a | cle, muft be lefs than 90°. And 

therefore a bd is lefs than 90°. (4. e,) 
Acute, 

17. Ifa right Line as g 4, touch a Circle, as in 
the Point a2 ; and another Line as a e cut it there. 
The Angle dae fhall be equal to 4, or any Angle 
made in the oppofite Segment abe, And the Angle 
e ag fhall be equal tof, or any An- 
d gle made in the other Segment, 
pe e a a. : 

For, drawing the Diameter a d, 
'f which will be Perpendicular to a 6 
b (4 9.) (and alfo the Line de:) The 
Angle a ed willbe a right One ; (4. 
14.) and confequently, becaufe the three Angles of 
every Triangle, are equal to two right Ones, (2. 9.) 
the Angle e a d, together with d, muft make juft a- 
nother right Angle. ~ is 

Bur that Angle dae together with « 4 doth mak¢ 
alfo a tight One, becaufe the Radius ¢ a is Perpendi- 
cular to the Tangent 46; wherefore take away ead 
from both and then ea 6 will remain equal to d. And 
confequently to h, or tovany other Angle 7 that Seg- 
ment ahe, or that ftands on the fame Ark e f 4. hor 
all thofe Angles are equal (by 4::12).., The Angle 
e ab therefore is equal to hb: Whichsis.the firft pare 
of the Propofition. r Sdn oll 

We muft next prove the Angle g:aie.to be equal 
to f; which is the other part. dQ ; Meise 

In the Triangle 2 fe all the three Angles e, fand 
a are equaltotworight Ones (2 9), Aod the An- 


gle cisequaltofad; by the firlt part of this Pro- 
pofition 


ian) 


descr 
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pofition, for fa may be confider'd as cuttting the 
Circle in the Point 4, where a } touches it, and con- © 
fequently f 2 6 will be equal to any Angle that can 
be made in the oppofire Segment a hdef; and there- 
fore to e, Now the two Angles e af and f a b (that 
is e) together with f, are equal to two Right Ones, 
(2.9,) and fo are af and fa 6 taken together with 
gae(1.20). Wherefore the Angle f is equal to 
gae. Which was to be proved. 

18. Every Quadrilateral Figure as de fa In{cribed 
in a Circle, hath its two oppofite Angles taken 
together (as d added tof) equal to 
two Right Ones. 

For if thro’ the Pcint a, there be 
drawn a Tangent as g6, and a Diago- 
nal as ea: The Angle at f will be e- 
qual to gae ( 4.17.) and the Angle 
e ab willbe equal tod (4.17). And 
confequently, the two Angles g ae and e 4b being - 
equal to two Right Ones (1, 20), the Angles d and 
f taken together muft be fo roo. 

After the fame-manner mighr the other two oppo- 
fire Angles d af and def be proved equal to two 
‘Right Ones; by drawing another Tangent through 
the Poinr f.. | 

19. The Converfe of this Propofition is alfo ma- 
nifeft; viz. That. if any Quadrilateral Figure have 
its oppofire Angles equal to twoRight Ones, it may 
then be infcribed in a Circle; Thatis,a Circle may | 
be made, that fhall touch or pafs through all its four 
Angular Points, | 


20, A 
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20. A Rectilineal Figure is faid 
a to be Circumfcribed about a Circle, 
i when all its Sides touch the Circle, 
“! \b without cutting ic. Thus the Tri- 
angle dae is Circumfcribed about 
the Circle b g f; becaufe every fide 
© of the Triangle touches the Circle, 

in b, g and f. 

21. A Figure is faid to be Inferzbed in a Circle 
when all its Angles are in the Circumference of that 
Circle, asthe Triangle a b c in the following Figure. 

22. Every Triangle, a 6 c may be Infcribed in a 
| Circle ; for if rwo Lines as e 4 and 
ez,are drawn Perpendicularly Bif- 
fecting the fides b a and cb, they 
will crofs or meet each other in the 
point e, on which as on a Center, 
a Circle may be drawn, which fhall - 
pafs through 6 And I fay alfo, 
Thar that Circle fhall pafs through a and c, 


For I. The two Triangles ez b and e i a are equal; 
becaufe ¢ 6 is equal to z a by the fuppofition, the fide 
e i is common to both, and the Angles at are Right. — 
‘Wherefore the fide e Dis alfoequal to@a (2.11.) — 


IJ. And for the fame Reafon The Triangles eh c 
and eh b may be proved equal, and confequently, the 
fide ec alfo will be equal to eb and toe a. But if 
thofe three Lines are all equal, the Point e, where 
they meet, muft be the Center of a Circle of which — 
they are Radii: And therefore the Triangle is Cir- 
cum{cribed by a Circle. .Q. E. D. 


And thus may a Circle be made to pafs through 
any three Points, if they be not all in a Right 


Line. 
23. Every 
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23. Every Triangle may (have a Curcle infcribed 
init, or) be circumfcribed about one, véd. Fig. in 
4rt. 20. 

For drawing the Lines ae and ed Biffecting the 
Angles a and d, and from the Point ¢, where they 
cro(s, letting fall the Perpendiculars (to the Sides of 
the Triangle) ¢ b,e f andeg ; I fay, that if you draw 
a Circle on the Center ethrough 4; that Circle fhall 
touch all the Sides of the Triangle in the Points 4, 


f and g. 


For I, Thetwo Triangles ae f and ae } are equal, 
as having the Side a e common, the Angles at fand 6 
Right, and thofe at a equal ( by the Suppofition : ) 
wherefore eb is equal to ef. (2.14.) | 


II. By the fame Method, e g may be proved equal 
alfo toe f, (that is toe b) fo that thefe three Lines 
being all equal, a Circle will pafs through their three 
Extremities, of which Circle they will be Radii, and 
being alfo all Perpendicular to the Sides of the Tri- 
angle, the faid Sides are Tangents to that Circle (4. 
5), and therefore do Circumfcribe it (by 4. 18.) 


24, Every Polygon circum{cribed about a Circle 
is equal to a Rectangled Triangle,one of whofe Legs, 
fhall be the Radius of the Circle, and the other the 
Perimeter (or the Sum of all the Sides) of the Poly- 
gon, 
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Let the Line EF A be equal to the Radius f 4,and 
to it at Right Angles draw the infinite Line ABCD, 
&e, out of which take A h equal to a b, b B equal 
to b b, Bi equal to bz, andi C equaltoz c, &c. So 
thar the whole Line ABCDEA, may beequalto the 
whole Compafs or Perimeter of the Polygonabcdea. 
Alfo draw F F Parallel to A A, fo that all the Per- 
pendiculars F 4, F 7, Fk, &c. may be equal to the 
Radius f 4, or f i, &c. *Tis then plain, thar the Tri- 
angle AE B will be equal to the Triangle afin 
the Polygon, and the Triangle B F Ctobfc, and 
alfoC F Dtocfd, &c. So tharall rhefe Triangles 
taken together will be equal to all thefe in the Poly - 
gon, or to the whole Polygon. | 

But the Triangle F A A is equal to all the five 

Triangles within the Parallels ; becaufe drawing the 
Lines, BF, C F, D F, &c. The Triangle FAB will 
be equaltoF AB, FBCtoF BC, &c. (3. 16.) 
wherefore the Triangle F A A is equal to the Poly- 
gon, which was to be proved. _ 

25. Every regular Polygon is equal to a Rectan- 
gled Triangle, one of whofe Legs is the Perimeter 
of the Polygon, and the other a Perpendicular drawn 
from the Center to one of the Sides of the Polygon. 
The Proof of which is the fame as that in the prece- 
dent Propofition; For all the Perpendiculars fh, fz, 
fk, &c. are equal, Gc. See the laft Figure. 


Wherefore the Area of every regular Polygon, is found 
by multiplying the Perpendicular let fall from the 
Center of the infcribed Circle by any one fide ; and 
then multiplying the half of the Produ@,by the Num. 
ber of the Sides. 


26, Every 
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26, Every Polygon Circum{cribed abour a Circle, 
is bigger than ir; and every Polygon Infcribed, is 
lefs than the Circle; As is manifeft, becaufe the 
thing containing, is always greater than the thing 
contained. | 
a9, The Perimeter, or (as fome call it, tho’ im- 
properly) the Circumference of every Polygon Cir- 
cum({cribed about a Circle, is greater than the, Cir- 
cumference of that Circle ; and the Perimeter of e- 
very Polygon Infcribed, is lefs. | 
28. If in any little Segment of a Circle, you In- 
{eribe an Ifofceles Triangle, asabc; fothat ab, be 
equal to bc; I fay, that Triangle fhall 
be greater than half that Segment. 
For if you draw a Tangent e b d, which 
fhall be Parallel to ¢ 4; and which 
fhall be, as ca is, Perpendicular to the 
Radius b f; (4.'5-) (4. 6.) And then 
Compleat the Rectangle 24 d ¢ ¢; 
That Rectangle will be greater than the whole Seg- 
ment ac b: But the Triangle a bc, is the half of 
that Parallelogram (3..18.) And therefore muft be 
greater than half the Segment a bc. 
29. Let there be a Tangent 4 d 5, a Secant fe b; 
‘aChord 4c, and another Tangent cd; I fay, that 
the Triangle d} c is more than half the mixt Trian- 
gle ac b, comprehended. between the Lines 2b, bc, 
and the Ark of the Circle ac. For in 
the Triangle dbc, the Angle c, being 
a Right one (4. 5.) the Side d b, is 
longer than d c (2. 17.) That is, than 
da; which is equal tod ¢ (4.7.) 
“Wherefore the Triangle dc (having | 
a longer Bafe, but the fame Height 
with adc) muft be greater than it 5 
(aw may be colleéted from (3. 7.) And 
therefore it muft be Greater than the 


half 


fo: ERE NITSS : 
half of the whole Triangle a.c b, But the Triangle | 
a'c b, is greater than the mixt Triangle, made by the 
Ark ac, and the Right Lines, 2 band ac ;andthere- 
fore the Triangle 6 @ ¢ (which is more than half of | 
a.c b) muft be grearer than the half of the mixt Tri- _ 
antes ib.é; QORMD) 2h) M8 aatahinl oIL ape 4 
30. From thefe rwo laft Pofitions, it follows, thar 
by multiplying'the Sides of Polygons, you may make 
them fo C#rcwm/crébed about, or Inferibed in Circles; 
that the difference by which the Circumfcribedexe - 
ceeds, or the Infcribed wants of the Circle, fhall:be- 
as {mall as you wills Becaufe if from any Quantity 
whatever, you take’more than the balf, and from the © 
Remainder more than its half, and again from that 
Remainder more'than its half: You may ‘by doing 
this very often, at laft come todeave a Remainderas 
fmall as you pleafe’; ‘as is Selfievident, ‘Thus (See. 
the 28th Figure) aftera Triangle is'in{cribed in a Cir- 
cle that fhall be lefsithan it by the three great:Seg2 
ments, you may infcribe an Hexagon that hall ex- 
ceed the Triangle by thofe three Segments, ‘bur fhall 
be lefs than the Circle, by the fix’ ‘litle ‘Segments; _ 


thar are left white’ in the Figure.’ ! or 
But thofe fix.white Sepments taken 'together,: do 
not contain: fo much’ Space as ithe half-of the thtee 
former fhaded ones, (4. 28.) After this :you ‘may al 
fo Infcribe a-Duodecagon ; which will be lefferthan 
the Circle by ‘12 fmaller Segments 3 which 12’ Seg- 
ments will ftill ‘be lefs- than the’ half of the fix Seg- 
ments of the Hexagon: And this may ‘you by im 
creafing the Number of Sides ‘of the Polygon, deffen 
the Difference by which the Circuniferibing Circle 
exceeds it, as’much as you pleafe.. So likewife on 
the other Hand, you'might\have firft Circumfcribedva 
Triangle, then an Hexagon, and 'then'a Duodecagon, 
€5c. (and havemade,that-way, theDifference berween 
the Circumfcribing Polygon-and the Circle, asfmall.as 
you would.) are 31, Every 


- gr. Every Circle is equal toa Rectangled Triangle, 
one of whofe Legs is the Radius, and the other 4 
Right Line equal to the Circumference of the Cir- 
cle. For fuch a Triangle will be greater than any 
Polygon Infcribed, ‘and lefs than any Polygon Cir- 
cumi{cribed, by (24, 25, 26, and-27 of this fourth 
Book.) And therefore muft be equal'to the Circle. 

~ For fhould it be greater than ‘the’ Circle, ‘be the 
Excefs as little as it will, a Polygon ‘may be Cir- 
cumfcribed, whofe Difference from the’ ‘Circle fhall 
be yet lefs than che! Difference berween' that Circlé 
and the Rectangled Triangle: And that Polygon 
will be lefs than the. Triangle; which is abfurd. And 
if it be faid that this Rectangled Triangle is lefs 
than the Circle; an Inicribed Balvabe may be made, 
which fhall be greater than that Triangle, which is 


impoflible. 
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x hy en 


© Impoffibile, is one of the fineft Inventions of the 


~ fall, render it’ Regular and Diretty 

‘For this aati Me be admitted as a Principle 5 
* That sf two determinate Quantities a and b are fuch, 
“ that every other imaginable Quantity, which is grea= 
* ter or lefs than a, u alfo greater or lefs than b; Thefe 
* the Quantities:a. and ib muft be equal. And this 
* Principle being granted, which is in a manner felf- 
Stadt it may directly be proved that.the Trian- 
* gle (before-mentioned) is equal to the Circle: Be- 
+ caule every Imaginable infcribed Figure, which is 
4 i ; } B 7 a ee cy E2 Th he 6 ‘ § Tels 
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¢ Jefs than the Circle, is alfo lefs than the Triangle Ps 
‘. And every, Circum{cribed Figure greater than the — 
£ Circle, is,alfo greater than the Triangle. k 


. This is that. which is called the Quadrature of (or | 


exactly equal toa Circle, And this would eafily | 
be done, could.we find a Right Line equal to the” 
Circumference ; as is plain from’ this. laft Propofi- | 


Squaring) the Circle, which confifts in finding a 
Square, Triangle, or any other Rectilineal Figure 


tion.» But.fuch.an Equality is nor to be found Ge- 
ometrically;, |... . 


« 


ba. | Toofind the Area of a Circle. 


“. Since the Circle is equal to a Right-angled Trian- 
gle, whofe Bafe isthe Radius, and the Perpendicu- 
Rate Teac, eee aaa Jar a Line equal to the | 
Circumference ; half the — 


Product of the Radius 


Circle. .. 


into the Periphery, will 
give the Atea of . the 


f 


In Practice, therefore 
fay, either as 7: to 22 | 
: : Sois the Diameter in 


2 tn ig _jenches, equal Parrs, €Saie 
to the Circumference, or more nearly and without 
Divifion, fay, as rooo is to 3141.2: So is rhe Rae 


dius.of any Circle in Inches (fuppofe 9 Inches) to 
28..269,, which therefore will be Semi-circumfe- 


421, for the Area required. } Rie res 
. \Forthe Area of a Setor or Segment of any Circle. 


“Since a Circle may be conceived as an Ageregate 
of an infinite Number of Ifofceles Triangles, whofe 


rence: And this multiplied by 9 Radius, gives 254, 


common Vertex is the Center: Any Portion of the — 


Periphery, asc, being confidered as a ftrait or 
ee ANGEK , aid 
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and the Perpendicular.a e let fall, the Area of the 
Sector muft be half the Product of the Ark b ¢ into 
the Radius a e ; and if from the Sector you take the 
Area of the Right-Lined Triangle 2 b c, there will 
remain the Area of the Segment bec, — ~ 

32. If aright Line could be difpos’d into the Form. 
of the Circumference of a Circle, it would’ contain 
more Space than any other Figure, or Regular Poly- 
gon wharfoever: Suppofe the Circumference of the. 
Circle, ab cd, to be difpofed into the Form of a- 
Square, or into any other Regular Polygon: So that 
all the Sides e g, gh, hi and ie tos © move 
gether may be equal ro the. Circum- 
ference 2 bcd; J fay, the Circle is 
greater than that Square. For, the 
Circle is equal to a Rectangled Tri- 
angle, one of whofe Legs is the Ra- 
dius f 4, and the other the Circumfe- 
rence. And the Polygon, is equal 
alfo to fuch a Triangle, one of whofe Legs is the 
fame Circumference a b cd, or the Sum of the Sides 
geths; and the other Leg is the Line fo (4.25.) But 
as the Line fo is lefs than the Radius f a, fo the fe- 
cond Triangle, which is equal to the Polygon, muft 
be lefs than the firft which is equal to the Circle, and 
therefore the Square or Polygon muft be lefs than 
the Circle, which was to be demonftrated. 

* And this is what we mean, when we ufually 
* fay, that of Ifoperimetrical Figures (or which have 


“equal Perimeters or Circumferences) the greateft is 
* the Circle. 


Before we go to Solids, I thought it proper to give 
the Learner here, this moft Noble Theorem of Py- 
thagoras ; becaufe, tho’ it be indeed demonftrated in 
the fixth Book, yet nearly after Euclid’s manner, it 
may alfo be done here: Thus, 


E 3 In 
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‘An évéry Right-angled Triangle as abc. The 
Square of the Hyporhenufe a c, is equal to the Sum | 
of the Squares of the Legs a b and bc; For, | 


angles df and fe, 


I... The Rectangle d f is double of the Triangle 
‘a bd, being of the fame Bafe and Altitude ; and the 
Rectangle f ¢ is for the fame Reafon, double of the 
(Triangle b ec, (by 3. 18.) : 


I. The Square of ¢ 4, is equal to the two Rect- | 


III. But thofe Triangles, being of the fame Bafe 
and Altitude with, will be equal alfo to one, half of 
the Squares b b and bk; Wherefore the Square of 
a¢is equal to the Sum of the Squares of the Legs, . 


J have 
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__ Ihave here added alfo the Subftance of the fecond 
Book of Euclid, about the Power of Lines, Gc. And 
I would advife the Young Geomertrician before he 
proceeds any farther (and if not done already) robe- 
gin the Study of Algebra; a little of which will be © 

of excéllent Ufe co him in facilitating. the Demon- 
{trations in Geometry, and in preparing the Mind, 
and enuring of it ro Abftraction, before.he come to 
the Doctrine of Proportion. And the four firft Rules 
of Addition, Subfirattion, Multiplication and Divi- 
fion, in Integers and Frattions, will be fufficient to en- 
able him to underftand the following Propofitions, 
As alfo the moft ufeful ones, which he will find ad- 
ded (in this Edition) in all the following Books of 
thefe Elements. , | 


I, If there be two Lines Z and X; one of which; 
as 3, is divided into any Number of Parts, as into 
a+e+i+o, The Rectangle under the two whole 
Lines zx, isequal to the Sum of all the Rectangles 
made by x multiplied into the Parts of z. 


z bal nee 
Z| |_| |_| 


x| | 


That iss ZX =X aXKe+Ki+Xo, This 


is fo plain, it needs no Proof. 


If a Right Line, as Z, be divided into two 
Parts, a+e, The Rectangles made by the whole 
Line, and both its Parts are equal to the Square of 
the wholé Line. mi 


a é 


E 4 The 
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That is, ya + ZC = %R 
Forza 4a4+4a68, 
Andze=ae+ee, 

That is, 


un -adtaill 
O64+Ze€=A4a+2 4 e+e e=Q. n+ ey 


q 
Q. E. D. 


III. Let the Line Z be cut into 4+ e; then fhall 
the. Rectangle under the whole Line (Z) and the 
Part (2) be equal to the Square of that Part a, to- 
gether with the Rectangle made by the two Parts 
a and e. | 

That is, Za = aa-+ ae. 4 


a 


Z| 


For Z = awe 


Go =e 


And ateXataa+ae. QED: 


IV. The Square of any Line, as Z, divided into 
any two Parts 2 and e, is equal to both the Squares 
of thofe Parts, together with rwo Rectangles made 
out of thofe Parts. 

That is, 77 = aat+2ae+ee, 


a € 


ee | 


Z| 


Multiply a + ¢ by its felf, and the thing is plain. 


aye 
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ae | 
a-le 


aat+ae 


+ aehee 


aat2ae-+ee 


COROLLARY. 


SAH WE ROE Ute Oe ROEM“ SN LSE REY 


a a 


Bhcaskibeteeracr so—sren evoeeeed 


a+a 
a+4 


eT FD 


aakaa+aa+aa=—4aa, 


V. If a Line be divided into two Parts equally, 
and in two other Parts unequally, the Rectangle 
under the unequal Parts, together with the Square 
of (the intermediate Part) the Difference between 
the equal and unequal Parts, is equal to the Square 
of halftharLine, . 


Let 


—— 
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Let the whole Line be 2 2, then each Part will be 


3 
/ 


@. Lec the leffer unequal Part be ¢, then the In- — 


termediate Part will be a—e, and the greater un- 
equal Part will be 2.4-—e; which multiplied by 


é \ 
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e, produces 2 a e—e e; To which adding the 
Square of tke Difference, or intermediate part a—e, 
which is 4 a—-2 a e+e e, the Sum will be only 
a a, the Square of half'the Line. 


VI. If a Line be Biffected, and then another Right 
Line be added/to it, the Rectangle or Product of the 
whole Augmented Line, multiplied by the Part ad- 
ded, together with the Square of the half Line, is 
equal ‘ro the Square of the half Line and part added, 
confider'd as one Line, 


sikves ai atiad & rating * 
| 6 | sees | 


Let the firft Line be 2 2, and the Part added «, — 


then the whole will be 2 a+e ; which multiplied by 
1, produces 2 a4 e+e ¢, and the Square of a the 
’ ine 


ew the i nd ¥ ee eee | 
i al “" 
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Line a a being added to it, it will be 2 4 e+e e+ 
a a, which is equal to the Square of a+e, by 
Prop. 4. 


VII. If a Quantity or Line be divided any how 
into two Parts, the Square of the whole added to 
the Square of one of the Parts, fhall be equal to two 

- Rectangles contained under the whole Line and that 
Part added to the Square of the other Part. 
a é€ 


—— 


‘Let 2 be one Part, and ethe other. The Square. 
of the whole and of the leffer Part e, makes 2 a+ 
2ae+2 ee, Then if the whole a+e be multipli- 
ed twice by ¢, it will produce 2 4e+2 ¢¢3 andif 
to this be added rhe Square of the other Part a 4, 
the Sum will be 

Aa+z ae+2 ee, equal to the former. 


Z|\—--—- 


VIII. If a Line be cut any how into rwo Parts, the 
Quadruple Rectangle under the whole Line and one 
of the Parts, added to the Square of the other Part, 
is equal to the Square of the whole and the other 
Part added to it, as if ic were but one Line. 


a é 


ere Wott | 


Z| 


Let the whole Line be a-| ¢, then four times that 
multiplied by ¢ (or the Quadruple Rectangle under 
that and e) will be 4 4 e-{-4 ee; to which adding 
the Square of the other Part 4 a, the Sum will be 
aa-\Aaetqer | 

And if you {quare 4+2e, which expreffes the 
whole Line, with e added to it, the Product will be 
the former Sum of ag+4aerqe te — 


TE See et TN ee ee 


¢ 
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IX. Ifa Line be biffécted, and alfo cut into two 
other unequal Parts, the Sum of the Squares of the 
unequal Parts will be double to the Sum of the 


Squares of the half Line,» and of the Difference be- 


tween the two unequal Parts. 


. 
, 
° . 
Vi UTte wee ome Mint hha S 
ve . 
Ver eetreervatt® 


Let the whole Line be 2 4; and the Difference 
between the equal and unequal Parts, 6; then the 
greater unequal Part will be a+b, and the leffer 4 
——b: The Sum of the Squares of the unequal Parts 
will be 2 4 a+ 2b, which is double to the Square 
of half the Line added to the Square of the Diffe- 
Fences)),0. PDI ; | 


X. If a Line be biffe&ted; and then another Line 
added to it; the Square of the whole encreafed Line; 
together with the Square of the Part added, is dou- 
ble the Sum of the Squares of che half'Line, and of 
the half Line and Part added, taken as’one Line, 


a é 


—— [ew 


Let the whole Line be 2 2, and the Part added e; 
then the whole encreafed Line will be 2 a+e; and 
the half Line and Part added will bes +e, The 
Sum of the Squares of 2 4+ e, and of e, is4aa 
-+ 44e-+2¢ee; which is plainly double:ro a 4, 
and aa +2 ae-\+ee, added together, OES D. 


Z| 


This | 


“Book IV. of GEomeETRY. 6x 
ThisePreblem is alfo of frequent Ufe. : 


PROBLEM. 
To divide a Line fo, as that the Reéangle 


under the whole Line.ac, and one Seg- 
ment. ab, fhali be equal to the Square of 
the otber Gh Sg yhi x : 


: sf . ae 


EES ae | g 


On ac make the 0 ¢ d, whofe Bale e c biflect in 

f, and draw af; make f g—a f, and compleat the 

O 2 g, producing 64 to k; Thénis ac truly divided 

in 6; for the Line ec being biffected in f, and the 
Part c g added to it, the (by Prop. 6. of the Power of 
Lines) Ret khg+feog=fg q=faqmacga+ 
f cq: Wherefore taking f'c g from both, the Rec. 
kg=ac q, and taking the Red. kc from both the 
Ret. d b= Ob g; thar isRed.icab=xb £4. 

QrE.Fs * . 


N. B, 


N. B. This % called dividing a Las according to 
Extream and Mean Proportion; which Propore — 
tion cannot be expre{s'd in Numbers. : 


PERL DEPO F 


In an Obtufe-Angled Triangle, the Square 
of the Side fubtending the Obtufe Angle, 
exceeds the Sum of the Squares of the o- 
rher two Sides by the double ReGangle, 
(2 ba) under the Bafe, and the part 

added te it. 


Let fall the Perpendicular p, and produce J, till 


it meet with it. 3 


. DEMONSTRATION. 
gob bb b+2b a+a ap p. 
2. And 00—pp34.a. 

3. But b b+0 ob b+a ap p. 


~ Wherefore h exceeds the laft Step by 2 ba. 
Q: E. dD. PR O P. 
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In:an Acute-angled Triangle, the Squaneiof 
the Side (h) fubtending an Acute~ Angle, 
is lefs than the Sum of the Squares of the 
atber two Sides, by double the Reétangle 
under the whole Bafe, (b--a) andthe 
Segment of the Bafe (a) which is next 
to the Acute-angle. | 


Let fall the Perpendicular p. 


DEMONSTRATION. 


1-hh=bb-- pp. 


wm 12 QOH a= bbe 2zbaraa, 


> | 
soa 
(oy 
Le 


p+2 4 a-+2ab, is the Sum of the 
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Wherefore bh is lefs than that by 2 4 atr2ab, 


al to the Double Rectangle un- 


and the Part a. 


inly equ 
le Bale, 


hich is pla 
der the who 
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GEOMETRY. 


BOOK V. 


Of Silids. 


Walt Right Line is faid to bé Right iipz 
ion a Plane, when it ftands on it 
my at Right Angles, juft like a Pillar 
Kyi} on the Ground, and is inclined 
Wi] no more to any one fide of the 
Plane, than ro the other, 
2. Iwo ianes are Parallel. to each other, when 
all the Perpendiculars.that can be drawn between 
them, are equal. (That is, when they every where 
are equally diftant.) | 
3. One Plane is Right or Perpendicular to another 
Plane, when, like a well-made Wall, ir inclines and 
leans on one fide no more than it does on the other. 


BE 4,8 
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4. A folid Angle is made by the meeting of three 
or more Planes, and thofe join. 
ing in a Point: Like the Point 
ofa Diamond well cur. | 
5, If we imagine a Line as 
ab, fixt above in the Point a, 
to be maved along the Sides 
of any Polygon d bc; that 
Line by its Motion {hall de- 
{cribe a Figure that is call'd a 
Pyramid, 

6. The Polygon is called the 
Bafe of the Pyramid. 

7, Ifa Line faftened, as before, move round a Cire 
cle, asd bc, it will defcribe a Cone ; and the Cir- 
cle is its Bafe.. And a Line drawn from the Center 
eto 4, is call’d its Axis. 

' §. If a Line 2 b move uni- 
2 formly about two Polygons g fa 
my, a and dc b, which are every way 
equal, having their Sides and 
‘Angles’ mutually Parallel and 
e correfponding exactly to one 
Pave another, asaftobc, fgtodc, 
Fil @§c, then that Line fhall by its 
di_\, .//-4b Motion defcribe a Figure which 
ae is call’d a Prifm, and the sit 

gon is its Bafe. 
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9. If 
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_ If all che Sides of a Prifm be a Parallelogram, 
then that Prifm is call’d a Paralle- 
lopiped. 
ro. If a Line 2 b move uni- 9K” 
formly round two equal and Pa- fa 
rallel Circles, it fhall deferibe or *"¢ 
generate a Cylinder, 

rt. The Line joining the Centers ee, in the two 
Bafes, is call’d the Axis. 

‘ There is no need of conceiving two Bales, E- 
‘ gual, Parallel and Oppofite, for the Genefis of 
€ Prifms and Cylinders. For they will be defcrib’d as 
¢ well by Imagining a Line moving round the Cir- 
‘ cumference of any plane Figure with a Motion al- 
‘ ways Parallel to its:felf in its firft Pofition. As if 
Ne b.be fuppofed to be carried round any of the Ba- 
€ 


fes dc b, keeping always the fame Angle with the 

Plane, which it firft had, it will defcribe a Trsan- 
« gular, Quinquangular, or Circular Prifm, according 
“tothe Figure of the Bafe. And the upper end of 
€ the Line will defcribe a Bafe (as you may call ir) 
‘ at the Top, equal and parallel to that below. © 


COROLLARY 


_ The Solid Content of all Yfofceles Prifms and Cylin- 
ders (as alfo, of all Parallelopipeds), is had by Mul- 
tiplying their Height into the Area of their Bafe. 
_ And if they are Scalenous Prifms or Cylinders, by 
Multiplying the Bafe by the perpendicular Altitude, 
Burafter all, this Genefis of Prifms and Pyramids, 
of Mr, Pardie, refpeéts only their Surfaces. And 
therefore, the moft proper way to conceive the Ge- 
nefis of all Kinds of Prifms, is to) imagine a Trian- 
gle, Quadrilateral Figure, or Polygon, orthe Plane 
of a Circle to be moved in a Fohnen always ae 
| - ‘ 
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lel to it felf; as fuppofe from 4 to e, or from g to d 
(in the preceding Figures) according to the Directi- 
on of the Line Fe or gd. Oraccording to Euclid, 
a Cylinder will be generated by the Revolution of 
rhe Parallelogram ge de (See Fig. in Art.8.) round 
about the Axis a e. | 


COROLLARY. ' 


And from hence (as was obferved before of Lines). 
‘tis plain that equal Surfaces moved uniformly over. 
equal Places or Intervals, will defcribe or generate 
equal Solids, 

And as for the Genefis of Pyramids, fuppofe the 
Triangle 2 bc, to move downwards from the Top of 
a Plane Angle, determinea 
by the two Planes 24 AB, 
a A C: Let this Motion be 
always Parallel to it felf, 
and ler the Angular Point 
of the moving Triangle a, 
be fuppofed always to keep 
in the Line a A. 

Tis plain, as this Iri- 
angle moves farther down- 
wards, it will ftill get more 
and more within the Solid: 

B Angle, and at laft will come’ 
to be all of it within it, and 
to lie in the Pofition ABC, which will be the Bafe 
of a Triangular Pyramid, whofe Vertex is at 4. 
~ The fame Triangle abc, will alfo, by its Motion, 
defcribe another Pyramid, whofe Bafe fhall be the 
Parallelogram bc BC, and its Vertex a, as before. — 


ald 


13. If 
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_ 13. If a Semi-circle 4 d 6 be turned quite round 
On its Diameter 2 6, it will defcribe a 

Sphere or Globe, whofe Axis willbeab, | a 
and its Center c, the fame with the Semi- d 

circle. Every Line pafling through the ) 
Center c, and terminated at each end by ‘NG 

the Surface of the Sphere, is called a Di- b 
ameter, and may be cail’d an Axis. 

4, All Lines drawn from the Center c to the Sur= 


face, are call’d Radii, and are all equal ro one ano- 
ther. : 


To find the Surfaces of Solids. - - 
I. For all Prifns, Parallelopipeds and Cylinders: 


~ Find the Perimeter of the Bafe (which in Practice 
is done by girting it with a String) and Multiply chat 
by the perpendicular Height, the product is the Sur- 
face without the Bafe, (i.e. without the top and bot- 
tom Planes) and the Bafes may be found by the 
Rules given in Plain Menfuration: The Reafon of 
which is, becaufe a Rectangle of that Form and Di- 
menfions will juft cover the outfide of the Body. 


Ih For Pyramids and Cones, 


"The Surface of a Pyramid, is only an Aggregate 
of Triangles, which therefore muft be found feve- 
rally, and then added up into one Sum. 


__ The Surface of Scalenous Cones cannot be found 
exactly ; but for Right Ones Multiply the Circum- 
ference of the Bafe, by half of the Side of the Cone, 
the Product is the Area of the Convex Surface. Be- 
caufe the Curve Surface of a Cone is equal toa Tri- 
a. F 3 angle, 


2" 
* 


ota be nl Oe 
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ing capable of exactly covering it... 


Vil. For. the Surface of the Sphere. : 


¥ 
i angle, whofe Bafe is the Periphery of the Bafe, and 
its height the fide of the Cone; fuch a Figure be- 


P| 
! 


a} 


Multiply the Diameter by the Periphery of any 


great Circle, of by fuch a Circle as hath the Diame- 

ter.of the Sphere for its Diameter, the Product is the 
Surface. As appears from what will be prov'd be- 
low, after Art. 34. ; 


LV. The Surface of the five Regular Bodies, is eafily 
bad, by the Principles of Plain Menfuration. 


15. Two Right Lines if they meet fo as to cut 


or crofs each other, are in the fame Plane : , Where- 
fore all the Angles and Sides of every. [riangle are 
in the fame Plane... : aatipsitiradt 4 
16. If two Planes eb d and 4 gif-cut or Interfecy 
andy one another, they dhall,do. fo in a 
Right Line,,as 45 which is call’d 
their common Section...) 9. sd 
-., a7. Ua Right Line ;dj¢.be Perpen- 
dicular to two Lines dfand d g, which 

_ are, in the fame Plane, that Line is al- 

~ fo Perpendicular to that Plane. 

18./Ifa Right Line d c be Perpendicular. to three 
Right Lines df,.d zg and d a, they are all three in the 
fae Pie go eed ae sop 
19. If cwo Lines dc, b # are Perpendicular to the 
fame Plane fg 4, they will be Parallel ro one.another. 
“0. If cwo Lines d¢, b i are Parallel,and you draw 
another, Line} from, “any Point, in One to the other, 
ag bd, thofe three ‘will be aif in-the fame Plane. | 


4 


9 
at. ii 
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~ a1. If two Lines dc, bz are Parallel to a third 4 
k, though that third Line be not in the fame Plane 
with them, yet they fhall be Parallel to each other. 
22.1f aright Line a 4 be perpendicular to (or make 
any other equal Angles with) two shah te iz 
Planes fe and c d, thofe Planes are , 
Parallel. £ 

23. If two Parallel Planes, d hg A 
andafe, arecutbyathirdssz, . | 
the common Sections fe andhg 
are Parallel. \ 

24. If a Solid Angle be made  ¢” 
by three Plane Angles, anytwoof 
thofe are always greater than the ~ 
third. 7 
_ All thefe Propofitions are fo mant- 
felt to one that will but confider them 
with a little Attention, that “tis 
needlefs to ftay to Demonjirate them, 
(And indeed the Solemn and Regu- 
lar Demonftration of 4 thing Plain 
in its elf, always makes it more Obfcure.) . 

25. The Plain Angles, concurring to make a Solid 
One; taken all together, are alwayslefs than four 
Right Ones. For if they fhould make four Right 
Angles, ‘they would form a Plane and'not an Angle. 
Wherefore, that they may make a Solid-Angle, they 
muft be'lefs than four Right Ones. 

"Tis.a very good way\in order to gain a clear Idea of 
Solids and their Angles, to make the Regular Bodies out 
of thick Paper or Paft-board, and after the Defcription 

of every Body, you will (ee the Figure, which being fold- 
ed up together, will exprefs the Solid. 

26, In all Parallelopipeds, the Oppofite Planes are 
equal ; as is eafie' to conceive (from 5. 9.) 


F 4 fast 27. All 
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__ 27. All Parallelopipeds having equal Bafes (and 
Heights) or being between the fame Parallels are e- 
qual, for they are equal Aggregates of equal Paral- 
lelograms.. (3. 14.) : ; 
__ 28. Every Parallelopiped is divided into two equal 
Triangular Prifms, by a Diagonal Plane, which is 
Perpendicular to its Bafe: For every Parallelogram 
of which the Figure is compofed, is equally Bif- 
feted.» | . 
29. Triangular Prifms, having equal Bafes (and 
Heights) or being between the fame Parallels, are 
equal; For they are equal Aggregates of equal 
‘Triangles, ere | 
30. Pyramids having equal Bafes and Heights, 
are,alfo equal: For they are all fuppofed to grow 
‘Taper alike. : ; 
31. All Prifms in general, all Cylinders and 
Cones, with equal Bafes and. Heights, are equal, . 
32. Pyramids and Cones on equal Bafes, and of 
equal Heights with Prifms and Cylinders, are one 
third of fuch Prifms and Cylinders: eS 
In a Triangular Prifm and Pyramid of the fame 
Bafe and Altimde, itis thus provd.. ., .. 
The Quadrangular 
. Pyramid ac.ef bis di- 
vided into. rwo equal 
C Triangular Ones, by 
the Triangular Plane 
f 6c, and the Pyramid 
f cab, is the very 
fame with ba cf; and 
this is equal tothe 
Pyramid d f.e4:.As 
| having an equal Bafe 
d Je and the fame Altitude 
. . with it, and therefore 
the whole Prift is divided into three equal hae es. 
ets, . ; nd 
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And fince all Mulrangular Prifms can be divided ine 
to Triangular ones, and that Cylinder is only a 


Multangular Prifm of infinite Sides, the Propofition 
is Univerfally true ; That Pyramids and Cones, &c, 


N. B. A piece of Cork or Wood, in the Form of 
a Triangular Prifm, may be cut into three e- 
qual Pyramids. 


COROLLARY I. 


Hence the way of finding the Solidity of a 
Pyramid or Cone is difcover'd, viz. To 
Multiply the Bafe by 5 of the Perpendi- 
cular Altitude, | : 


33. Every Sphere is equal to a Cone whofe Per- 
pendicular Axis is the Radius of the Sphere, and its 
Bafe a Plane, equal to all the Convex Surface of it. 

For you may conceive the Sphere to confift of an 
infinite Number of Cones, whofe Bafes taken all to- 
gether compofe the Surface,, and whofe Vertex’s 
meet all together in the Center of the Sphere: Juft 
as a Circle may be imagined to be compofed of an 
infinite Number of Ifofceles Triangles, the Aggre- | 
gate of whofe Bafes makes the Circumference, and 
their common Vertex is.at the Center, 


COROL. 
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Fence the Solidity of the Sphere will be 
gain d by Multi pyying its Surface by % io 
ws Radius. | 


Let the Square 4 d, the Obedeant c bd, and the 
right-angled Triangle ab d, be {uppofed all three to 
revolve round the Line 
bd as an Axis : Then 
will the Square generate _ 
a Cylinder, the Qua- — 
drant. an . Hemifphere, 
and the Triangle a Cone, 
all of the fame Bafe and 
Altitude. 


J, Then'the Square of 

. utes A: e bh (which is equalto the 
heel cl Square of fd, which is 
equal to. the: ‘Square of 
fh, Vela with that of hid (or its equal g 4) will 
be equal to the Square of ¢g h(=b d) together with 
the Squares of f b, And fince Circles are as che 
Squares of their Diameters (which muft be now ta- 
ken for granted, but will be proved in the 6th Book) 
the Circle made by-the Revolution of eb, muft be 
equal to the two Circles made by the Motion of f b 
and hg. Wherefore, 


Il. If you take the Circle made by the Revolution 
of f 4 from both, there will remain the Circle made 
by the Motion of g b equal to the Ring defcribed by 
the Motion of e f: And thus, it muft always be 
wherever you draw the Line e 6, or i m, &c. 


Ul, There- 
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“UI. Therefore the Aggregate ‘of all the Rings 
made by the Revolution of thee f’s, muft be equal 
to that of all rhe Circles made by the Motion of the 
g hs: (i, ¢.) the Difh-like Solid, formed by the Re- 
‘volving Rings, will be equal to the Cone formed. by 
the Revolution of the g h’s, which are the Elements of 
the Triangle abd. That is, che Dith-like Solid will be, 
as the Coneis, + of the Circumfcribing Cylinder, and’ 
confequently the Hemifphere muft be 4 of ic: Where- 
fore the Sphere is 2 of the Circumfcribing Cylinder. 


IV. Let then the Radius of the Sphere ber pels 
ce d—b d, then the Diameter will be 2 7.; lerthe Surr. 
face of the Sphere gencrated by the Revolving Semi~ _ 
circle be called S; and that of the Cylinder, formed 
by the Revolution of 2 4 c=2 r= Diameter, be cal- 
led (Wherefore in what was juft now proved; (by rt. 
33. of this Book) the Expreifion for the Solidity of the 


Sphere in this Noration will be £2 ang putting ¢ e- 
i ; Wi 
qual to the Circumference of the Bafe, orfor the Peri- 


phery. of a greatCircle of the Sphere,the CurveSurface 
of the Cylinder (by Multiplying the Altitude into the 


Periphery of the Bafe) will be 2 rc; alfo 14. will 
; | a iia 

be the Area ofa great Circle (by Prop. 26. of Book 4.) 
and this multiplied by 27, makes ~~" °, which is 
the Solidity. of the Cylinder (by Cor. drt. 11.) 
Now fince / was put equal to 2 7 ¢ = to the Curve 
Surface of the Cylinder dir (by  Subftituting f for 

2 

2 rc) will be alfo = to the Solidity of the Cylinder. 
Now fince the Sphere is = 3 of the Cylinder; — 


— 
oo 


wre 


228 ES 35°: Thatits TDi 2H Site rf - Where- 


3 6 
fore ry S== rf; that is, dividing te yr, S= fs lors 
the Surface of the Sphere is equal to the Curve Sur- 
face of the Cylinder: But the Curve Surface of the 
Cylinder was 2 rc. 

Wherefore to find the Area of the Surface of either 
Sphere or Cylinder, you muft Multiply the Diameter 
(= 2 r) by the Circumference of a great Circle of 
the Sphere, or by the Periphery of the Bafe. From 


this Notation alfo —, the Area of a great Circle of — 


2 7 
the Sphere, is plainly 3 of 2 rc the Surface of the 
Sphere. That is, the Surface of the Sphere is Qua- 
druple of the Area of a great Circle of it, 


V. Wherefore to 2 r c the Convex Surface of the 
Cylinder, add rc equal to the Area of both its Bafes 


(cach of which is eu) you will have 3 rc; which 
2 


fhews you that the Surface of the Cylinder (inclu- 
ding its Bafes) being 3 rc, is to the Surface of the 
Sphere, whichis, 27, as three is totwo: Or that 
the Sphere is +. of the Circum{cribing Cylinder, in 
Area, as well as Solidiry. } 
_ 34. Of all Solid Figures that can be encompafsd 
or determinated by the fame Surface, the greareft is 
a Spherical One, by 4rt. 13th of this Book, and Art, 
the laft of Book the 4th. 
35. That is call’d a Regular Body, whofe Surface 

is compofed of Regular and Equal Figures. And 
whofe Solid:Angles are all equal, as are—— 


36. The 
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36. The Tetrabedron, which isa Pyramid, com- 


prehended under four equal and 
equilateral Triangles; {fo that 
its Bafe is equal to each Side. 

Wherefore its Solidity will be 
found by Multiplying the Bafe by 
+. of the Altitude ; which is the 
general way for all Pyramids, 

37. The Hexahedron or 
Cube, whofe Surface is 
compos’d of fix equal 
Squares, like Dice which 
are us’d in play. L. 
Its Solidity will be found 
by Cor. of Art. 12. 


38. The Ofahedron, which is bounded by eight 
equal and equilateral Tri- | 
angles: 

This Figure is two Pyra- 
mids put together at their 
Bafes: Wherefore its Soli- 
dity is had by Multiplying 
the Quadrangular Bafe of 
either (here they are both 
join’d together in the middle 8 
of the Figure) by one third of the Perpendicular Alss- 
tude of one of the joined Pyramids, and then doubling 
the Produ@., 

39. The Dodecahedron, which is contained under 
twelye equal and equilateral Pentagons, | 
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This Figure confifts of twelve Pyramids, with Penta> | 


gonal Bafes, whofe common Vertex is the Center of 4 
Circumfcribing Sphere: Wherefore any. one of thefe 
twelve Pentagonal Bafes Multiplied by+:of the Diftance 
between the Center of that Bafe, and the Center of the 
Sphere; and then that Product Multsplied by twelve; 
gives the Solid Content of this Regular Body. Z 
40. The Icofihedron, confifting of twenty equal and 
equilateral Triangles. 
This Figure is compo- 
fed of 20 Triangular Py- 
ramids, ali equal to one 
another, and whofe Ver- 
tex is the Center of a 


Wherefore any one of the 20 Triangular Faces, Mul- 
siplied by + of the Diftance between the Center of the 
Face and the Center of the Sphere, and that Product 
Multiplied again by 20, gives its Solid Content. 

at. Befides thefe five Regular Bodies, cis not pof- 
fible to find any others that fhall correfpond to the 
Definition ; which is thus Demonftrated. iy 

To begin with equilateral Triangles, which arethe 
moft fimple of all Rectilineal Figures. Of thefe there 
_. tauft be'three at the leaft to make a Solid Angle, and 
three of them join’d together will jaft make the Tetra- 


bedron, For thofe three Triangles meeting in a point — 


ao'form a Triangular Bafe fimilar and equal to the 
Sides; as appears by the bare Compofition of the 
Figure, Four Triangles join’d together in a Point 
make the Angle of the Oftabedron. : 

By joining five fuch Triangles together, the An- 
gle of the Icofibedron is form'd. 


But fix fuch Triangles join’d in a pointcannotmake — 


a Solid Angle: Becaufe they make four Right Ones 


(for every Angle of an equilateral Triangle 45 5 of two, 
or 


? Sah 


Circum{cribing Sphere: 


| 
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or + of one Right Angle, either of which Fraftions Mul- 
tiplied by fix, gives four right Angles.) Whereas every 
Solid Angle is made up of fuch plane Angles as all 
together muft be lefs than four Right ones (5. 25.) 
So that with Triangles ’tis impoffible to form any 
more Regular Bodies than thefe three. 

Nexr, if you take Squares and join three of them 
together, they will make the Angle of the Cube: 
And there can no other Regular Body but a Cube 
be made with Squares, for. four Squares join’d to- 
ae will not make a Solid Angle but a Plane, 
CJ. 25. 

"a yeu join the Angles of three Pentagons toge- 
ther, you will conftitute the Angle of the Dodeca- 
| a: But four {uch Angles cannot make a Solid 

ne. 

And laftly, Three Hexagons joined together do 
make juft four Right Angles, and therefore they can- 
not make a Solid Angle: And as for three Heptagons, 


or other Figures of yet more Sides, they can much | 
lefs do it; (becaufe thetr Angles being very Obtufe, 


three of them will exceed four Right Ones.) So thar 
upon the whole ‘tis plain, that of thele five Regular 
Bodies, three are made of Triangles, one of Squares, 
and one of Pentagons, and there can be no other. 
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BOOK VL 


Of Proportion. 


HEN we fpeak of Magnitude, and 
Wai fay, that any Quantity is great, 
b63/P%| we always make a Comparifon 
VaSa| becween that Quantity and fome 

=xedj other of the fame Nature, in ref- _ 
pect to which we fay thar it is 


\ 
1, Essa 

~ 15 
of 


Great. 

Thus we fay of an Hill, that ‘tis Little ; or of a 
Diamond, that'tis Large; becaufe we compare that 
Hill with others that are Higher, and in refpect of 
them ’tis Little ; and we compare that Diamond — 
with others that are Little, and in refpect of them, 
we fay ‘tis a Large one. 

2. When we confider one Quantity in refpect of 
another, to fee what Magnitude it hath in amps 
: on 
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on ofthat other : The Magnitude fo found, is call’d 
Its Ratio or Reafon ; tho’ it would be more intelligi- 
ale if ic were call’d Comparifon. 

_ 3. That Quantity which is compar’d with another 
s call’d rhe Anrecedent ; and that other with which 
tis compar’d is call’d the Confequent. 

4. When we confider four Quantities, and com- 
sare them ( by Pairs) two with two ; as a four 
with b2, andc 6, with d3. If we find that a hath — 
as much Magnitude (or is as big ) in } 
comparifon of 4, as c hath in compa- 6 
rifon of d;3 (i. ¢. When we find thata 4 3 
contained ins or doth contain b :: as +7 f ils 
often as c % contained in, or doth con- E iF 
tain d): Then we fay, that their Ra- | 
tio’s are equal ; thar is, the Ratio thata hath to 2; 
is equal to the Ratio of ctod: For as ais twice as 
big as b; fo cis twice as big as d. Wey 

5. Butif¢ 4 hath more Magnitude in refpect of 
b, thane 6 hathin refpect of e 5... Thar is, if as. 24 
is twice as big as 4 2, ¢ 6 be found not to be twice as 
big ase 5: hen the Ratio’s are unequal: And wé 
fay, 2 hath a greater Ratio to b, thane hath toe, 
So thar ro have a greater Ratio, is nothing bur to 
have more Magnittide, or to be bigger, in refpect. of 
a fecond Term; than a third is in re{pect of a fourth. 

6; The Equality of Ratio’s is call'd Proportion ; 
and when we find that of four Quantities or Num- 
bers, the firft hath as much Magnitude (or # as big) 
in ref{pectof the fecond ; as the third isin refpect of 
the fourth ; then we fay, tharthofe four Quantities 
ate Proportionals. 

The better tomake the Myfteries of Proportion com- 
prebended, which pafs for the moft difficult things in Ge- 
ometry, a unqueftionably they are mo(t Important, I 
will explain thers by an Example 3 which (in my Ops- 

G . nion) 


a & 


o. E ih iM BNW S 17 tom 
nion) will render all thofe things very Intelligible, which 
otherwife appear very perplexed. i 
4, Ler us imagin the Circle A dto be deferib'd ' 
by the Motion of the Line o b,.round the Centero: 
And at the fame time, let the Cir-») 
d cle c ae be deferibed by the Moti-. 
(pn on of a Point c, in the Line od: 
| WX \o Let us fuppofe alfo that the Line} 
=) 0b be. moved once round again, and. 7 
at laft to ftand in the Pofitionio div 
Ler the Ark d B b be called B, and 
the Ark e Dc, be call’d D, Ler A 
be put for the whole outer Circle, and @ for the 
whole inner one. ‘ 
Now if we compare the whole Circle A with its’ 
Ark B, and the whole other Circle a with its Ark D, 
We thal] find plainly, that the Circle A is juft as big: 
in refpect of the Ark B, as thevinner one 4 is in‘re+’ 
{pect of the Ark D; and therefore if B be a fourth, 
or any other part of the Circle A, D alfo will be a! 
fourth, or the {ame proportional part of its Circle a.. 
Which we ufually exprefs by faying, as A is to B, fo 
i$ st And write it thus A. B:: 4. D. or Dae 
ee ° 


Tf i fhould change the Order of the Terms, 
itl compare B with A, and D witha ;-you will find: 
plainly that B. A:: D. a. So chat fuppofing A. B : 

a. D. we cannot but prefently conclude by Taverfe 
D pobiye that B.A :: Dua. | 

, If you change them fo as to compare Aiton 
tine with Antecedent, and Confequent with Cons 
fequent ; you will find Alternately, that A. a. >: Bi 
D. And this is very plain; for if rhe whole Circle 
A be double, triple of, or in any other Proportion, 
to the Circle a, the Ark B mutt be alfo double, tri+ 
ple of, or in the fame Proportion to the Ark D ; for 
Aliquot Parts will be as:their Wholes. This I fay i is 

plain, 


bi " 
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plain, becaufe the two Circles A and a are defcrib’d 
by the Motion of the Line o ¢ 6 ; fo that while b de- 
feribes the Circle A, ¢ defcribes the inner Circle a; 
and while 4 deicribes the Ark B; calfo defcribes the 
Ark D. Andthis by one common circular Motion; | 
‘only the Point c moving much flewer than the Point 
‘b, defcribes a Circle much Jefs, in proportion to the 
flownefs of irs Motion: Thus alfo when the Point b 
fhall have defcribed the Ark B, the Point ¢ in like 
manner will have defcrib’d.the Ark D, which will be 
‘much lefs than B; in proportion to the Slowne({s of 
its Motion; in Numbers 24. 8: : 6. 2. ) 

ro. If we compare the Differences between the 
Antecedents and Confequents, with 

their Confequents ; as for Inftance, d 


Alefs Bwith B, and alefsD with Non 
D, we fhall find they alfo are Pro- / (APN Mi 
portional: And thar A lefs B. B:: er ye) L 
a lefs D. D, 18. 6.326. 2. a7) 
For ’tis manifeft thar the Ark Ae 
b A d (which is A lefs B) is to B, cn 


as the Ark ¢ ae (which isa lefs D) isto D. And this 
is call’d Proportion by Divifion. 

11. If we add the Antecedents and Confequents 

together; we fhall find thar A more B, isto B::as 
amore DistoD. ‘Which is call’d Compofition. In 
“Numbers 30. 6.3: vo. 2. 

12. And if we fhould fay, that A A lefs B: 24.4. 
lefs D. This kind of Proportion is call’d Converfion. 
You may alfo infer by way of Mixing the Terms, as 

fome call it, That A+B. A—B::2-+-+-D. a—D. 
or that A4-B.4+D::A—B,2—D.&c. Thar 
is 30, 182 :10,6 and 30: 1r0::18, 6, ec. 

And it will be very convenient for the Learner to 

enure himfelf to all the Changes and Varieties of 
Proportion, and to have them ready in his Mind ; 
Becaufe a great many Propofitions in Geometry, as 
| hale 2 a 
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they have been delivered by the Ancients, and par. 
{ued by the Moderns that have trod in their Steps, | 
are demonftrated’ by Compofition, Divifion, Alter- 
nation, and intermixing of Proportion, | 

33. If never fo many Quantities are thus Propors 
tional: It will be as any one Antecédent to its Con- 
fequent :: So is the Sum of allthe Antecedents to 
the Sum of all the Confequents, . g7. 


Hf 4.12 222.6. 2£3.9:2 5. 15.4 then flaalk 
14.42 °° 4- 12. | 


{ 4. aE sa eS ie. a: 
4. 12 3 3.9. and alfo, 


AG a ar a 
Ne | ek «Palo. At 


Thea will ir be by Proportion of Equality. 


a ae} C. 
4.362: 3. 27. 


_ The Reafon of which is plain,if you confider, Thar _ 
finceb.f ::d.g: fand g muft needs be either Simi- 
lar aliquot Parts, or Equimultiples of b and d. And 
therefore fince a and c aretod and d, in the fame | 
Ratio as b and dare tof andg, 4 mutt alfo be in the 
fame Ratioto f. the Part or Multiple of bz: asc is 
to g.the Part or Multiple of d. 


If a. b: 7 ope d. 
12.42: 9.3 and then, 


bf s:hboe. 
AV 2S S 1.00 : 
ys i Thety 
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a Then will a. f:: 4 d. 
Lapa) 78a Z 


Which is called, Proportio ex equo perturbata ; and 
this muft be true: becaufe 12 containing 4 as oft as 
9 contains 3: and 4 containing 2, as oft as 18 con- 
tains 9 ; 12 muft contain 2 as often as 18 contains 

Wherefore this is only the orderly Proportion of 
Equality difturbed, and therefore is by fome called 
Inordinate Proportion. 

15. If B be taken as often as D, ex. gr. 3 Band 
3 D. we may conclude that B: D::3 B. 3 D. or as 
/yo Bto 10 D. alfo 12 4 B. to 12 } D. And fo on 

in whatever Proportion the two Magnitudes B and 
D are multiplied, fo they are multiplied equally, or 
that you take one as often as you take the other. For 
then there-will be the fame Proportion between the 
Magnitudes thus equally multiplied, as there was be- 
tween the fimple Magnitudes, before fuch multipli- 
cation. And thefe Magnitudes thus equally multi- 
plied, are call’d Equimultzples of the fimple Magni- 
ides Band D; and we fay that Equimultiples are in 
the fame Proportion as fuch fimple Magnitudés, out 
- of which they are compounded. . 
16. If B be divided in the fame manner as D is 5 
and, ex gr. you takea fourth Part of B, and the like 
of D. or the tenth, or any other Part of B, and the 
fame of D. Then will thefe Parts be Proportional to 
their wholes, B.D ::1.B (orrS B)isto 4, or 52 D. 
All which is’ Self-evident. : 
 y7. To multiply one Line by another is to make a 
Rectangled Parallelogram, whofe two PANG AEs, 
‘Contiguous Sides fhall be the two | | 
Lines given. Thus, if you multiply the ¢ b 
Line A by B; tis the fame thing as to A 
make the Rectangle abe 43 whofe. 
Sideab is equalto A, and acto B. | 
tt Su eryt G 3 18.T9 


a 


© 28. To multiply a Rectangle, or any other Surface | 


~» Ratio of the Length of One rothe Length of the 
+ s fy Sy 


= 


a 
by a Right Line, is to make a Re@- | 

y, angled Parallelopiped ( or Prifm )| 
1° (5.9) whofe Bafe fhall be the Sur: | 
ieee i nes Saba its Perpendicular | 
hier vin y leightthe Line given, ‘| 
pe oe Thus to multiply the Surface ab 
dc by the Line E,ris the fame thing | 
as to make a Solid 4 ofg he, whofe Bafe is the Sur-_ 
face given ad, and its Heightae or bf, equal to, | 
the Line given. in 
19. Ali Magnirudes may be exprefs'd by Lines :_ 
As if one Magnitude be double or triple of another; 
or in any other Ratio, two Lines may eafily betaken, 
of which one fhall be double or ttiple of the other, — 
or in any other like Proportion with thofe Magni- 
tudes : So for Inftance, to exprefs two times, as one 
Hour and two Hours; or two Velocities, of which > 
one fhall be double ro the other; you need only rake 
two Lines, as 4 double of 6; and then you may {ay | 
that a reprefents two Hours or Velocities, and } an- | 
{wers to one of each; and then you may proceed to | 
compute with thofe two Lines, as with the Hours 
and Velocities themfelves, ec, ) | 
2°, ‘To know the Proportion of Re@angles, the 


Other, and moreover the Ratio of the Breadth of — 
Ove to the Breadth of the Orher muft be known, 
For Example ; To know what Proportion the— 

| Rectangle a.c hath to eg: “Tis nor 
a enough only ro know thar che Length | 
PE’) "\e a6 is triple of e+); but it muft be 


a aceite rou 3 that « dis double of ef, 


f— 2 For if a7 be taken equal to ef, ithe 


, Rectangle 6 7 will be triple of eg, be-_ 
caufe « bistriple ofe hy and ai equal toes? And | 


moreover, because # dis alfo equal.to a 7,or ef (for 


“* 


: 


om 
ae | 


ia, ‘ 
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adds fuppofed to be double of 27, and of ef) the 
Rectangle ic fhall alfo be triple of eg ; fo thatthe 
whole Rectangle ac is twice triple of rhe Rectangle 
‘eg; that is, fexcuple of it, cr containing it fx times. 
And what we fay now only of the double or triple 
Ratioof their Breadths and Lengths, is alfo to be un- 
derftood of any ocher Ratio, be it whar it will: For 
ifia b be quadruple,ofe b, and.4.d triple of ef, rhe 

| Rectangle a c, will be three times quadruple of the 
Rectangle eg; that is. duodecuple of ir, or doth 
contain it twelve times. .. ) < 

Bur if a bbe duodecuple of ¢ 4, and ar the fame 

| times be Triple of ad, then there is a certain Com- 

penfation made : For, if Refpect were had to theit 
Breadths a4) and ef only, the Rectangle ac would 
exceed the other, nay indeed con-),. . nies 


‘fainit 12 times? ‘Neverthelefs this .¢.._ 4% h 
Excels is loft. (in fome Mea/ure) in ee iear mae 
arefpect of their Alcicudes or Heights | oe Cry cee 
wad and ef, which| if only conf-. . Shek 
_der’d, the Reckangle.eg would be... met 5 

|. Triple of a ci. But.then when we Siw 


“come to comparejthele feveral Ex- ba 

_ -éeffés and Deficiencies together; .we fhall find that 

_ the: Rectangle 4c being one way 12, times greater, 

andthe other, way three times lefs thane g, will be 

cat Jat but only four times as great. | i a. 

od mi And thisis what we mean, when we fay, that 

Jail Re@tanglesre toieach other.in a Ratio Compounded 
of that of their Sides; for if\a.b,be.... 

triple of e 4, andad double of ef, Mitra ‘ 
the Rectangle ac, fall be to the FINA aga 


Rectangle ¢ g in a Ratio compoun- vie re 
_ded of the triple and the double, valle 
thar is, it faall be thrice double, or 5 


jwise triple, of in one Word Sex- 
tuple. So alfoifa b were quadruple of eb, and 44 
; G4 tr ple 
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triple of ef; the Rectangle ac would then be to eg 
in a Ratio ‘compounded of ‘the Quadruple and the 
Triple; fo that it would have been three times Qua-_ 
druple, or fourtimes Triple, or in one word Duo- — 
cecupleot eBl™ Ai?) Cae yee 3 whe 
Moreover, if 2b were Duodecuple of ¢ 4, and 
ad Subttiple of ef, (that is, if ef be’ Triple of a dj 
the Ratio of the Rectangle a eto’e g would be com: — 
pounded ofthe Duodecuple and Subtriple Ratio ; fo 
that 2c, would have been 12 times {ubtriple of, of — 
in one word Quadruple of eg. °° j 
“If you take the third part of a Crown 12 times, it 
will make, or be equal to four whole Crowns : So that — 
four Crowns are 12 times fubtriple of one Crown; that 
%, do make 12 thirds of a Crown. 
22. From whence it will appear, that if the Sides 
of rwo Rectangles are reciprocally Proportional, thofe 
two Rectangles'aré equal: For if 4 6 be double ro 
eh, and reciprocally bg be double to 
1p ane b+: Or if a b be triple of eb, and 
4 then-hg be triple of be; or in a werd, 
1h if whatever Ratio ab hath to eh, h g, 
hath back again the fame Ratio to b «, 
‘tis plain, that as much as the firft Rect- 
angle ac exceeds the other in Length, 
juft fo much is it exceeded by the other in Breadth; 
So that the Length of one Compenfates for the 
‘Breadth of the orher, and confequéntly they muft be 
“equal. And from‘hence is deduced this moft uleful 
and impojytant Propofition ; ‘That, fis ie 
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© 23. If four Quantities (or Numbers) be propor- 
tional, the Produét arifing from the Multiplication 
of the two middle Terms, is al- 

ways equal to that which is made 6 


Pd b 
_ by the Multiplication of the two ter, 


_Excreams. Asrifiad. e bs: bg. «cep? c 
E 


bio 
Rivet fay, from the Multiplication wie 
p tt a 


of the Extreams a by 6c there f 

is produced ‘the Rectangle ac: 

‘And by multiplying the middle Terms e b and 
hg, there is produced the Rectangle e g ; and thofe 
two Rectangles 2 c and e g are equal. (6. 22:) 
(Becaufe, as much longer a ab # than eh juft fo 


much longer sh g than bc). On which is founded 
the Reaton of the Golden Rule, 


COROLLARY. 


Hence, if intwo Ranks of Difcrete Ba Se Sih ig 

the four middle Terms are the’ fame: As if 4. 5:: 
c.d, and then alfo e.b:: c.f, [fay it will be as 4. ¢ 
: So will reciprocally fi be to d: For fince the mid- 
dle Terms are the fame in both, the Rectangle a d 
-will be equal toe f, and confequently their Sides 
mutt be Recpepcaly proportional 5 that is 4.e: 
» Whar is sts done by Lines and Rectangles, may 
be done by any Quantity whatfoever ; becaufe all 
Quantities can be exprefs’d by Lines, andall Multi- 
plications of Magnitudes by Multiplications of Lines, 
gz, ¢. by Rectangles. ~ (6. 24.) 

24. When Rectangles sea their Sides directly 
Proportional, fo that 4 6. eh::ad.ef. then is the 
_ Rectangle a¢ tothe Rectangle eg, ina Duplicate 
3 Ratio, to ) that of their Sides : For the Ratio of a ¢to 


bs 


oo 
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eg, istcompounded of the Ratio of a b'to eh, and of 


: e the Ratio of adto ef. (6-26). But | 
ova i Gk ib the Ratio of 2 b to eb isin this Cafe | 
J AOR Cl (by the Suppofition) the fame as the _ 
SOU EE eH : 
ppl = Ratioof ad toes; {o that to gain | 


i! Talia 
gL, the Ratio which the Rectangle a ¢ 
e-Tm” ~ hath coe g, we need only take ewice 


and ad double to ef, the’ Rectangle we fhall be 


twice’ double, that is, Quadruple of the Rectangle — 
eo. Andif ab had been triple of-e band confequent- — 


ly a dtriple of ef: Then the Rectangle a ¢ would 


have been three times triple, that is:nine times as — 
big as eg; Orif ad had been Quadruple ofe byac — 


would have been 16 times as great ase g. 


yd ly the Ratio of ab to eb, For‘Exam- | 
le) ifvas here ab be double to eh, © 


25. Ifa third Line be taken aso 5 and it be fo : 
proportional that 4 b. eh: e hbino. Then | 


n\.....'0 fall the two Rectangles ac and eg be to © 


"one another as the two Lines a b and no: 
(vidi Fig. Preced:) HOW AG 


° 


sor a6 is tomo ina duplicate Ratio of ab toeh. | 
And if'a b had been (as it is double, triple or qua- : 


‘druple of e b ¢ Then‘would @ bvhave-been in a Ra- 


rio three times Triples or four titics*quadruple of 


(that & nine or P6\times as great as) the third ‘Propor- 


tha 


‘tional n O. : 


26. Thole Rectangles which have their Sides. thus _ 


Proportional: That @b.eh:i ade f, are called — 
‘Similar, whole! Homologous Stdes are thofe which an- | 


“wer each to’othér in the’ Proportion, ‘as 4 bande sb, 


‘orad and ef» For-as'a b is the greateft Side of the — 
Rectangle ac, fo ebuisalfo the’greateft Side ofthe — 


‘Rectangle eg. °°" * 


» 


2, 7 ° All + 
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27, All Squares are fimilar Rectangles. For ‘tis 
| plain that if 2 2 be double or triple of e b,am muft 
alfo be double er triple of -b 7: 
Becaule am isequal to 4 4,and ap 
bitoeh. Gis oka oe 
| 28. All fimilar Rectangles. ,! 
are ro each other asthe Squares”: 


of their Homologous Sides.) 1). 
fay the Rectangle ac’ is to the 
Rectangle ¢ g :: asthe Square 6 m to the Square ez. 
For as well Squares as Rectangles are to one another 
in a Duplicate Ratio of a bto eh (6.29.30)1 4, 
29. Yo know the Ratio between two Solid Rect- 
angles or Parallelopipeds,there ov ght to be knownthe 
feveral Ratio’s that their Bafes and Heights‘have to 
each other ; becaufe the Ratio of one Solid to ano- 
ther is compounded of the Ratzo’s of their Lengths 
and Breadths and Thickneffes or Heights ; as is ea- 
fie to conceive, if that be well underftood-which hath 
_ been faid abour the Proportions of Rectangles. For 
_ if one Parallelopiped hath its Bafe double to the Bafe 
of another, and its Heighr, triple of the Height of | 
the other): The former will be twice triple, or three — 
times double, or in one word Sextuple of the latter. 
30. If the Bajes of rwo Parallelopipeds be Recipro~ 
cally as their Heights,thofe Parallelopipecs are equal: 
Which is proved by the 27th of this Book; for as 
much as: onesexceeds the other in Breadth. and 
Length, fo much doth the other exceed it in Height. 
gi. When Parallelopipeds have all their fides Pro- 
portional, they are called Similar ; and they,are in 
-aTriplicate Ratio of their Sides,as it hath been proved 
of Rectangles, that they arein a Duplicate. Ratio of 
‘their Sides. | bi ually 
32. Similar Parallelopipeds are to one another as 
the Cubes of their Homologous Sides ; for both 
Cubes and Parallelopipeds are in a Triplicate Ratio 
“of their Homologous Sides. ts 34, All 
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94. All Rectangles having the fame or equal 
Heights, are co one another as their Bafes, and ha- — 
ving the fame Bafes their Heights are equal. 
Let the Rectangles A and B be between the fame 
Paralle! Lines df andca; forthatadbeequaltocfe — 
then dol fay,tharA.B:: 2b.bc, That 
7 £.q the Rectangle A. is to the Rectangle 
% iB] A | B. asthe Bale 2b. to the Bafe dc: And 
cp @ that if, for Inftance, ab be double to bc, 
| then fhall A be double to B, For A is 
nothing but the Line b a multiply’d by d 4.(6. 17)3 
and B is nothing but the Line c 4 multiply’d by the 
faine Line 2 d,or (which is all one) be or f c. Where- 
fore (6.15) A.B::4a5.be © 
35. All Parallelograms which are betweenthe fame 
Parallels (or which have the fame Height) are as their 
 Bafes. I fay the Parallelogram e 4 is 


ed o£ 4 ‘tothe Parallelogram 6g :: as the 
ciaTA uA Bafe ab is to the Bafe bc. For ha-- 
\W/ Ah Say made the two Prick’d. Rect- 


oR angles on the fame Bafes, thofe 
will be equal rothe Parallelograms, 
(by 3.14). Buc thofe Rectangles are as their Bafes 
{by the Precedent), Wherefore the Parallelograms 
muft alfo be as their Bafes ; Thatise b. bgi:ab. 
be. | dit : 
36. All Triangles (which have the fame Heights) 
or are between the fame Parallels, are as their Ba- 
fes; For they are halves of Parallelograms (3. 8). 
37. When Triangles (as thole in’ the following 
Figure) have their Bafes on one and the fame Line, 
and their Vertices or tops mecting in the fame Point: 
‘They are taken to be between the {atne Parallels, as 
adeandcde, andadeandb de (becaufe they baug 
‘she fame Perpendicular Height.) , 


PR O- 
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| PROBLEM IL 


Hence may a Trapezium asabce, whole two 
fides a 6 and ec are 
parallel, be divided 
in any given Ratio. 

Fortake cd a & 
and draw ad, then 
will the As a bf and ‘hi. 
fod be equal (by pivenense” 
14. 2.) and confe- wh 
quently the a ead. j | 
= Trapez.eabce, Wherefore if you divide e d the 
Bafe of the A e ad into any number of Parts or ac- 
cording to any Ratio, Lines drawn from the Vertex 
to fuch Divifions of the Bafe, will divide the a ead, 
and confequently the Trapezium, in the fame Ra- 
tio, . | 

38. If in any Triangle a Line be drawn Parallel 
to the Bafe, that Line fhall cur the Legs Proportio- 
nally. Let the Triangle be 4 ve, 
and let the Line de be Parallel tod cs 

I fay thacad.ae:: ab, ac:: 
db.ec, &c. Draw the Lines dc and 
e b, then fhall the Triangle ¢ ¢ d be 
toe ad, asthe Bafe ec,istoae. (6. 
40. 46). So alfothe Triangle de b is 
to ead :: as the Bafe db is toda. 
Bur the Triangleec dis equaltod eb (3.'15) ; where- 
fore the Triangle bde (or ced) isto the Triangle 
ead::asbhd.istoda::orascetoca. Therefore 
alfo muft bd. da::ce.ea, becaufe both the Ratio 
of bd. to da, and alfo that of ec. e a, are the very 
fame with that of the Triangle b e dorce d, to the - 


Triangle ade, 
COROL- 


3 
yah 
» Se 
b vated “eae y 

Apa SNE SE HE) | ¢ 
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COROULARY. 


If many Lines are drawn 
parallel ro the Bafeof any Tri- 
angle the Segments of the Sides 
a, b,c, and d, e, f, will be pro- 
portional, for drawing o x pa- 
rallel cog be: bo anda =x, 
but x.0::f.e! wherefore a. b:: 
Fie Be Ds 

39, Ifin a Triangle, as ac b, you © 
draw a Lined e¢ Parallel to the Bafe’ 
cb, I fay, thated. obovate acer? 
orasad.ab. For drawing ef Paral-. 
lel to a b; f b will be equal toed 
(3. 9) But by the Precedent fd. c bo: 
ae ac, whereforeed.'(f b) eb: 
aeac, orasad, toab. 


eo 668 
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S| LE PERIOBR Es 


Two Lines a and b being given, to find o, 
a third Proportional to them. 


Make any Rectilineal Angle, and from the Vertex 
or Top of it, fer the two given Lines down on the. 
Legs, as you fee in the Figure, Set alfo downward 


N 


from Sto L, joinS T, and draw NL Parallel toit 3 
fo fhall T N bec, the Line fought; For 4. b::4. ¢, 
by this Propofition, ~~ a a 


“P>ROa | 
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PROBLEM/IE 


If three Lines as a,b and c, bad been given, 
to find a fourth Proportional (as d) to 
them, or to work the Rule of Three in 
Lines, you muft proceed thus. 


Set the two firft Lines a and b from the Vertex 
down on the fame Leg; and then fet ¢ the third 
Line, from the Vertex on the other Leg: Draw the 


Line T S, and thro’ the Point L draw LN Parallel 
ro it; So fhall TN be equal to d che fourch Pro- 
ee fought; for a.6::¢.d. by the Precedent 

ropofitions. PR O- 
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PROBLEM III. 


And this way *tis very eafie to. find a Line 
- that fhall ex prefs the Product of any two 
Numbers or Quantities : Or the Quotient 
of one divided by the other. 


For fince in all Multiplication, as 1, is to the 
Multiplicator ;: So is. the Multiplicand to the Pro- 
duct: And fince in Divifion as the Divifor is to 1:2 
Soisthe Dividend,to the Quotient : You may take 
your t. of any Length, off a Scale, and finding a 
fourth Proportional to the three firft Terms, “that 
fhall be a Produ&, or a Quotient required ; Thusif 
b. were to be multiply’d by c: make a equal ro Ue 
nity, and fer off b and cas before fhew’'d, fo fhall'd 
bethe Produé.: Or, if d were to be divided by 43 
take, 21, and {et off all things as before ; fo fhall 
¢ be the Quotient; for b, 432 dec. ion lh 
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PROBLEMI’IV. 


To divide 2 given Line ab into.any Nama. 
ber of equal Parts : As fuppofe into, Six. 


Make at 4 and 6 any two,equal Angles, and on 
"the Legs da and e 6 run 

c | with a pair of Compafles 
oom en /'" five equal Divifions (for they 
{B:\\muft be always'one lefs in- 
sla jg Number: than’ the required: 
{0 so Divifion ‘or’ Parts of the Line. 
4, TTTSYY3" given )! drawing alfo - Lines. 
: »!|<>\ acrofs from® one' Point ro'the ’ 

0m |* other, asyou fee in’ the Fic: 
1% : gute; fo fhall thofe Lines: 
yo otto divide the given Line 4!°b' 
09° )3 “into the fix Parts required’: 
*> 29 Bor the crofling Lines being’ 
2. Parallel one to'another, muft» 
divide 4 bin the fame Proportion as 4 d and 6 ¢ are 
divided. ne | 


* 


” 
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PROBLEM V. _ 
To divide a given’ Line a'b intotwo Parts, 


fo that they fhall be to each other as the 
Line C 10D 5, or in-any given Ratio. 


Make any Angle’with the given Line a b, and fet 
the Line ¢ from’ its Vertex’ 2; tof) And fet the Line 
D from fto g ; draw the 
Line: gb, and thro’f,'a 
Parallel to it, as f d': So 
fall’ the Point d° divide 
a bin the Ratio required: 
BorC.D::adidih 
And much the fame’ 
way may you cut off 
from any given Line/ab, » 
any part or parts requi- 
red ; as fuppofe 2. 
Make any Angle as gab°) 
as before, and fet on the ae 
‘Lep'a-g, 2g ’equial:to five Parts taken off from any - 
Scale’: Then fet two ‘fuch Parts from 4 to f, join 
(&b, and draw fd Parallel to it ; fo fhall a d be equal 
to POF B99 110 9H Tabs | 


‘va adton mats sgt Dhol 
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38. Thofe Triangles are called 
2 ES Like or Similar, which have ail their 
three Angles refpectively equal to one 
b wll another, or which are Equiangular : 
| v. gr. If the Angle. A be equal to a, 
_\3 the Angle Bto 4, and C toc, then the 
whole Triangle ABC 1s Like or Sims- 
lar to the Triangle a bc. ie 
39. All fimilar Triangles have their Sides about the 
equal Angles Proportional. Ifay, AB.ab 2s: AC. 
act: BC, bc, &c: Fortake in the greater Triangle: 
ABC, Ab equal to 4 6, and A ¢ equal to. ac; then’ 
willthe Triangle A bc be every way equal to a be 
(2. 11,),and the Angle A b c is equal to the Angle abc: 
Wherefore it will be alfo to B, which by the fuppofi-: 
tion was equal tod bc, and therefore c b is Parallel, 
to C B (1. 31). and\confequently (by 6.42, 43), A be. 
AB::Ac.AC::6). CB. tal 2d) hau DA 


COR 0 L LaeReyestienney 


Ifa Quadrilarékal Figure. as 4 bedbe in(cribed 
in a, Circle, the, Rect-. 
angleunder the Diago~; 
nals.6 d and ac, 1s.equal, 
‘to both irhe Rectangles. 
under the oppofite Sides. ; 
That is, acXbd = 
baXcd+adxXbe, 
make the Angle b ac= 
cad; and then adding 
the Angle e a f to both, 

the Angle b a f=e a d: 
ae ) And the A ead fimi~ 
lav to Ab ac: Then willac. cd:: ba, be. (by this 

Pyop.) Wherefore ac Xbe=cdX ba. Again i 

ad. 
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ad.de::ac.cb. WhereforeadXch—=deXac. 
ButacXbe-+-acXed=acXbhd, Wherefore 
acXbd=baxdc+dax be, Q. E. D. 
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The Segments of Lines interfecting each other be- 
tween two Parallels, are a 
Proportional : SCAT oo" 
Thatis, ¢.d.::e.f. for by aa: 
fimilar Trianglesce::d fi fir id 
wherefore alternatelyc.d:: 2 me 
e, f. whereforec f= de, b 
40. Allfimilar Triangles are in a Duplicate Ratio 
of, or as the Squares of their Homologous Sides; for 
fimilar Triangles are the Halves of fimilar Parallelo- 
grams, wherefore they muft be as their Wholes. 
41. Similar Polygons are thofe which having an 
equal Number of Sides have all. 
the feveral Angles in one, equal y MS 
to thofe in [rhe other, and alfo a 
the fides about thofe equal An- B nk \E 
gles Proportional. As if the An- 
gle A be equal to 4, Bro &, and “ihe 
moreover AB. 2b:: BC. be:: 
C D.c d, then thofe two Polygons — 
are Similar, 


ie | H 3 42. And 
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> 42, And among Cuaroslineal or Mixt Figures, thofe : 
are Similar in which you may in{cribe, or about which — 
you may Circum{cribe fimilar Poly- | 
gons ; fo that any Polygon being © 


is | 
&  Infcribed or Circumfcribed about — 
- if \© one Figure, you may Infcribe or 
i ad Circum{cribe a Similar one about 
as c 
Cc 


the other. ‘For inftance, if having 

Infcribed any Polygon as ABCDE 

in the greater Curvilineal Figure, 

you can Infcribe another in all refpects Similar to it 
in the leffer Curvilineal Figure 2°} ¢ d e, then thofe 
two Curvilineal Figures are Similar. samba 
In like manner having taken two mixt Figures as 
the two Segments of Circles'‘B AC and bac; and 
A | having abd in one ar 

ff TrianglearPleafureas BAC, 
BAO Nc ie Zee if ‘hen you can Infcribe in 
ago GPs the orher Segment another 
Res Maa df Triangle 62 c, that fhall be 
nn > Similar'to ‘the former ; then 
fhall: thofe two Segments be 
fimilar Figures. And if the Circles of which they are 
Segments be compleated, they fhall be fimilar Parts 
of thofe rwo Circlés, fo thar if BAC be a third part 
‘of its Circle,bac fhallalfo be a third part of its Circle: 
‘And if to the Centers you draw the Lines BD and 
CD, and alfob dandcd; theAngles D and d fhall 
be equal. (See 4,11. and the following Propofitions.) © 


COROLLARY. 


The Peripheries of Circles are as their Diameters : 
For as BA.ba:: BD.bd::2 BD.2bd::foit 
will be of every fide of the Infcribed or Circum{cri- 
bed Polygon ; wherefore the Sum of them all, that 
is the Periphieries, muft be in the fame Ratso. 


Ver 
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s+ 49. All Circles‘are fimilar Figures. fy at 

44. All fimilar Polygons may be:divided into‘an 
equal Number of fimilar, Tri- +) bh 

angles. Let the fimilar Poly- 0 A igi 4 
gons’be ABCDE\and abedes)  /\. b 
and let the firft be: divided in- Bet 
to Triangles by the’Lines E B & 
and EB (3. 14.) [fay, that if. “L 
the other be alfo divided into. © -~D.~ 
Triangles by the Lineseb and foe bie. 
ec, ‘all the Triangles in one fhall- be ( refpeively ) 
Similar to thofe in the other. 

- For‘inftance, I fay, the Triangle abe is Similar to 
‘ABE: for the Angle a is equal to A »( by the fuppo- 
fition) and alfoA B.ab:: AB ae (by the fame) !5 
wherefore the Triangle A B Bis Similar to ade. 
(6, 46.) Again ‘the Angle EB © may be proved e- 
qual to e b c, becaufe the Angle ABC is (by the 
Suppofition) equal toad ¢; and ir was proved ( i2- 
the last ftep, where the Triangle A BE was proved Si- 
milar toa be) thatthe Angle a 6 cis equal to ABE; 
wherefore from equal things taking away equal, the’ 
Angle EBC remains equal to the Angle ede. In 
like manner the Angle ¢ ¢ 6, is proved equal to 
ECB, and confequently (6. 45.) the whole Triangle: 
eb ¢ will be Similar to EBC ; and fo of the reft. 

Hence the Practice of making on a Line given a 

Polygon Similar to one affigned, is derived: For di- 
viding the given Polygon into, Triangles, make a 
Figure confifting of a like Number of fimilar Tri- 

_ angles, on the given Line. 

’ 45. All fimilar Polygons are to one anothét in 2 
Duplicate Ratio of, or as the Squares of their Ho- 
mologous Sides. I fay, as the Square of AB is 
ro the Square of ab:.: fo is the whole Polygon 
ABCDE to the Polygon ab cdé. For fince all 
the Triangles in one Polygon, are Similar to thofe 
ne 3 Wy ee: 
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in the other (6..51.) Allin one Polygon willbe to 
all thofe in che other in a Duplicate Ratio of any of 
their Homologous Sides ; that is, as the Square of 
A Bes to the’Square of ab. 

~ 46. All fimilar Figures, even Curvilineal ones, are 
ee SN to one another asthe Squares 
be iy Re ty ods a any fide of any ik 
; NOP ge) igures, which can be In- 
3Z vc bBZE8¢  {cribed or Circum{cribed: a- 

; pp : id 3 bour them, v. gr, Lert there 

ge) “set be two Circles, in-which are 

Nee Infcrib'd two fimilar Tri- 

: : angles abc and ABC: I 
fay, as the whole Circle ABC,is to the Circle abe :: 
fo is the {quare of BC, to the Square of be, or which 

is the fame thing, as the Square of the Radius B D, 

to the Square of the Radius bd. For in or about 

the Circle 4 6 ¢ may. be Infcribed or Circum{cribed 
any Polygon you pleafe; (or at leaft {uch an one may 
be imagind) (4. 30.) But every Polygon infcrib’d 
in 4 6 ¢ will have a lefs Ratio’ to the Circle A BC, 
than the Square of bc hath to the Square BC: 
and every one Circum{cribed about «4 b ¢ will have 

a greater Ratio to the Circle AB C, as is eafie to 

prove by the Precedent, and from what hath been 

{aid of Circles in the fourth Book, Wherefore al] 

fimilar Figures, Se, 7 : 


COROL I 


I. Cireles:are rocach other as the Squares of theig 
Radié or Diameters: For fuppofe a Circle whofe Ra-. 
diusis r, and then another Circle greater (or lefs) 
than that; and call its Radius R; then will its Dia- 
meter be 2 R : Then wharever the Ratio of the Dia, 
> meter (2 R) be to the Periphery, ler ir be eaprenin 
US) iets maida : Bi 


; 
4 
) 
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by the Lettere, then will 2 Re (ore times the Dia- 
meter) be the Periphery ; and half of this, vz. Re, 
multiplied by R) will be the Area; vz. Re. And 
by the fame Method of Reafoning, the Area of the 
other Circle will be rv e. But certainly RRe rre:: 


RR. rr 2:4 RR. 477+ Wherefore, Se. 


II. Hence tis plain that, the Square of the Dia- 
_meter of any Circle is to the Area of it: as the Dia- 
‘meter is to 4 Part of the Periphery. 


ForaRR,RRe::2R. oe (H2Re) 
4 


As is plain by multiplying the Extreams and mean 
Terms by one another. 


II. Hence alfo’tis plain (again) that the Periphe- 
ries of Circles are as their Diameters. 


That is, 2R. ars: 2Re2re. 


IV. And fince the Area of every Circle is rr, 
(That is, The Product of the Square of the Radius 
multiplied into the Name of the Ratio, becween its 
Diameter and Periphery.) A very ready way (for 
common ufe) to find the Area of a Circle whofe 
Radius is given, will be to multiply the Square of 
the Radius into this or fuch like Decimal 3.1. Thus 
fuppofe the Radius 9 Inches: 81 X3.1= 251. I. 
which is very nearly the Area in {quare Inches, tho’ 
fomething lefs. 

47. All this may be apply’d to Solids. And there- 
fore Similar Solids are fuch as have their Angies all 
equal, and the Sides abour thofe Angles Proportional; 
or (if they are of 4 Spherical or of any Spherotdical Fs- 

ure) fuch as can have fimilar Soli s Infcrib'd or 
‘Circum({crib’d in, or about them, Ge. 

‘Ae atag a2 Be. Eve os 48. Simi- 
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48. Similar Solids are to one anothér ina (Tripli- 
‘cate Ratio of, or) as the Cubes (of their Homologous 
Sides, &c.) See 6.36, 37, Ge. 
| (And therefore all Spheres muft be to one another as 
‘the Cubes of their Diameters, &c.) Which may be 
eafily thus proved ; The Solidity of the ‘Sphete may 
be expreffed after this frre ee 3, by what is faid in 
the: Corollaries in p. 75, 7 

The Area of agreat Circle of the Sphere whofe Ra- 
diusis R or 7, being RR eor'rre (by Cor..4:p. 75, 761) 
4 times chat will be the Surface of each Sphere; That 
is, 4 R R e the Surface of the greater, and 4rre 
the Surface of the leffer: and multiplying the 
‘Surface by 2 of the Radius, the Solidities will be 
4RRRe ae arrre. 


ing egeteinas sa divided by the aime. will bé in 
the fame Ratio, when without fuch Multiplication 


aiid Divigot: That ee ee RR 


4 
rrr. That is, Spheres are as the Cubes of their 
Radii, and eoateatenty as the Cubes of their Dia- 
meters. QE. D 


: Which two Quantities be- 


PR O- 
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PROBLEM. 
To find the Soliclity of the Frufium of a Py- 


ramid or'Cone, cut by a Plain parallel to 
the Bafe, having given the two Bafes to- 
gether with the Height of the Fruftum, 


Solution. By Prop. 32. of Solids, a Pyramid or Cone 
is equal + of aiPrifm.or Cylinder, of the fame Bafe 
and Altitude, Let mxn=k othe-Altitude of the 
Fruftum, be called H, i 
and m athe ‘height of 
the Top piece wanting, 
4; the greater Bafe of 
the Fruftum B, and the 
leffer b : the Triangles 
apk and ac gare Simi- 
Jar, (c g and p k being 
parallelex Hyp.) Where- ie: 
forecg.ga:ph kha, LV SURES | 
andalternatelycg.p k:: Cc e399 
gaka Burgakazz 
‘n a, ma (from the Similarity of the Triangles ¢ a2 
and kam) wherefore ex equocg.pki:na.ma, 
‘and by Divifion cg —pk. pRiina—ma = 
mn.) m a3; which put into Symbols (putting ¢ g the 
fide of the Bafe=S, and p &=s) will ftand thus, S— 
Keech. . = b. Wherefore having found 
the Height of the little Pyramid or Cone which is 
wanting ; I fay, having found it in known Terms, it 
will be eafie to find the Solidity of the Fruftum; for 
multiplying the Bafe B into the whole height SE 
| Sa Saisie a SRG Se SR aT Mees 
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the Product BH +B = a Prifm of the fame Bafe 
and Altitude with the whole Pyramid or Cone; and 


6 b=a Prifm or Cylinder of the fame Bafe and A 
titude with the leffer Pyramid or Cone. Wherefore 

hh BAP De a9 
by the aforementioned Propofition, —————- = 


Solidity of the whole Pyramid or Cone, and eur 


Solidity of the leffer; now from the Solidity of the 
whole taking the Solidity of the leffer. Pyramid or 
Cone, there will be left the Solidity of the Fruftum 
required, oe Solidity of the 


Fruftum, 
_ The Theorem in words is this ; Multiply the grea- 
ter Bafe by the whole Height, and from the Produ& 
Subtra& the Upper Bafe mulciply'd by the Height of 
she Top piece wanting, and > of the Remainder will 
five the Fruftum, 


49. If 
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..49- If ina Rectangle Triangle 4 4 c, a Line as.ad 
be drawn from the Vertex or top 
of the Right Angle, Perpendicular 
to the Bafe, Hypothenufe, or long-. a 
eft fide 5 ¢:*It fhall divide the Tri- LN 
angle a b ¢ into two other Re@t- 5 ——~>—, 
angled ones, a bd, and dae, which | : 
will be Similar to each other, and 

aothe whole bac. Fors. Allthe 2: 
three Triangles have one Right, % ¢€ ™ 
Angle. 2. The Trianglesabcand ~ °°. 
abd have the Angle common to both: Where- 
fore they’are Similar (6. 45.) 3.‘The Triangles.abe 
and adc have alfo the Angle ¢ common to both ; 
therefore they two are Similar ; (and laftly,abd and 
adc being both Similar to one third Triangle abc, 
will be fo to each other.) ee RA 

50. The Perpendicular a dis a mean or middle 

Proportional between 6d and d¢. That is,cd.da:: 
da. db, For the, Triangles cdaand bd a being Si- 
milar (by the.laft)c d-(the lefler Leg of the Triangle 
c da) {hall be to a d (the greater Leg): : as the fame 
dd (the leffer Lew of the’ other Triang:e a d b) isto 
b dthe preater' Leg: (6)46.)) ©» | 

51. The Square of 4 ais equalto the Rectangle 
made betweenc dandd 6, For, fincecd.daiida, 

d b. (by the laft,) the Rectangle of the Extreams c d 
and db is equal ta the Rectangle of the mean Terms 
daandda (6,28.) Bur the two fides of that Rect- 

angle being equal,’ becanfe ’tis only d a taken twice 5 
thar Rectangle’ muft’ be the Square of da; and fo it 

1ay_be laid down as an univerfal T heerem, that, Ge, 

(the Square of the’ Perpendicular drawn from the Vertex 
of any Re&angle Triangle to the Hypothenufe, » equal 
to the Rettangle under the Segments of that Hypothe- 

nufe, 
" 52. Lhe 
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52. The Square of a mean Proportional is always 
equal to the Rectangle’ of the Extreames. 


PROBLEM 1. 


Between two given Lines a and b, to find 
a mean Proportional, asd. 


Join 2 and } both in one Line which make the 
Diameter of a Circle’; and then at the Point x, where 
the.given Lines join, erect a Perpendicular as d;thar 


fhall be. the mean Proportional required... For the, 
Angle DRS being a right.one (as being in.a Semi-) 
Gircle) b/d: 3 d..a, by Prop. 512 


sett pean tPoR a taee tte 


. And thus. may you find a Line equal to the Square 
Root of any Number or Quantity, by. finding a mean. 
Proportional between it and 1. For if 4==4, and. 
‘ts then. will .d—=25 equal to.the Square Root 
9) e 3 : 3 


PROB. 
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PROB. Ul. 


_» Thus alfo maya Square-be found equal to any 
Rectangle given, by finding a:mean Proportionals 
between. irs Sides, which {hall be the Side of. rhe 

Squaresequired,, , 


PROB. IV: 
To.find a Square equal to,any Triangle. 7 


. Find.a mean Proportional between.a Perpendicus. 
Jar. let fall.from any ‘Angle to.an.oppofite Side, and 
the half of char Side and thar fhall be the Side,of,; 
the. Square required... 2] & De u 

1,53-, 4 ReGangle, being given to,make another. ReG3. 
angle equalito.2t,. which. foal have.a: Length given, », 
Let the Rectangle given be ¢ ¢, and let nib 
it,be.required;to make another-equal to, 4-——v : 
it, the,.Length .of one,of ‘whofe Sides. 4—— ©. :; 
fhall be the Line,e f:. here are now: three Sppre ht 
Lines given, viz. a b andbec (whichare’ © 7s 4 
the, fides. of,, the, Rectangle:given);and . F’—g. 4 
ef, which, muftibe-one fide,of the ReGter005 6 oo 61 
angle required,.,\ Therefore a fourth ‘Line -muft be; 
found,.which fhall bethe. otherfidejof the Rectangle. 
fonght: Whichiis\done by finding, a fourth Proporti-. 
onal, to the three, :-given- Lines (6. 43.) which let be, 
@b.. So.that.efia.b 22 b-c.eh.(and-then, I fay, thei 
Rectangles h is equal.to. d\b,-andiis the Rectangles 
Fequiced a; C6x87aa oto 8 GY cedswant Commas aie 
NB. This & called Applicatiom ofthe Re&angle;» 


‘equal toa Right Li 


ne ab, vid, Eucl.p, 6. & 6. 


54. To 


‘thay EL B MEWN DS -) - 
54. To exprefs a Rectangle you need ufe but 
three Letters, ». gr, When we fay the Rectangle 
bdc: We mean a Rectangle one of whofe fides is 
bd, and the other dc. But if we fay the Rectangle 
6 ¢ d, we then mean a Rectangle one of whofe fides 
is bc, and the other ec d, 20] 
55. In every Rectangled Triangle, the Square of 
_ the Hypothenufe is equal to the (Sum 
a of the) Squares of the two other fides 
(or: to. the Sum of ‘the Squares of the 
af Legs.) 
it Let the Square b m, be divided by 
the Perpendicular 2 de into the two 
i = Redctanglesd mand dn. I fay, that 
wee" m the Rectangle dm is equal to the 
PGB! Square of ac, and the Rectangle dn, 
tothe Square of ab ; and that by confequence, the 
whole Square 6 m is equal to the Sum of the Squares 
of ab and ac, For1,: Phe two Triangles.4 d c and 
adc being Similar(6.56.) dc. ca (in the leffer Tri-* 
angle dea) :: as the fame acic bin’ the greater’ 
Triangle 2¢b, Wherefore a¢is a mean Propor-' 
tional between dic and ¢b (or cm) and confequently' 
the Square of 2 ¢ is equal to the Rectangle bc d, or. 
dem, that is dm, 
And after the very fame manner may 26 be prov’d ” 
to be a mean Proportional between 6 dand bc (chat 
is b n, &c.) ( for the Triangle a b d being Similar to 
abe;db che leffer fide in one will be to b a the grea- 
ter fide ; as that b a (now the leffer fide in the other Tri= 
angieabc) % to be the greater fide; That sdb. 
ba::ba.be (or bn). and confequently the Square of 
a‘b # equal to the Retiangledbnordn. And fo both 
the Squares together, of ba, and ac, or their Sum, # 


equal to the Square of the Uypothenufe,” Q. E. D.- 


PR O- 
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PROBLEM I. 


Hence any two, or more Squares may eafily bé 
added togetherinto one Sum. Leta b, bd, and ef, 
be the Sides of three given Squares, place ab and bd 


Je . ik 
b | 


a 


ire 


at Right Angles, and draw the Hypothenufe a d; 
whofe Square will be equal to the Sum of the Squares 
ofdbandab. Then fetd a from toe, and the 
given line e f, from tof; So fhall the Hypothenufe 
fe, be the fide of a Square equal to the Suna of the 
three given Squares, ies 


PROB ah, 


Or if two Squares be given, you may Subtra& 
one from the other, and find a Square equal to the 
Difference berween them. : 

Let 4 and b bethe Sides of the given Squares 3 
make (the longeft Line) the Radius of a Circle, and 
feb from the Center on the fame Right Line with a; 
at the end of 6, erect the Perpendicular p, which will 
be the fide of a Square ah to the Difference be- 

tween 


cy) PEE Ns 


q 


tween thé Squares of 4 and b the two Squares givens | 


for fince the Square of a is equal to the Sum of the 
Square of b and p : (by the Precedent Prop.) The 


Square of p muft be the difference between the two 


given Squares, whole fides are a and 6. 


PROB, Ul. 


590] 
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_ 59.Lf upon the three fides of a Rectangled “Frian- 
gle are made three fimilar Figures, and thofe fimi- — 
Jarly:Pofited, the greateft Mall) 066) 02) ort 
be equalto the orher two... 
For the three Figures ‘being: (GG@ 
Similar sare as the» Squares of SX 
their Homologous fideS.(6.°5 3.) ) Naan 
And. thereforethe Figure) A Ae i 
fiiall ‘be ‘to Band. C, «as ithe orl; 2s oN 
Square of 6 cis to the Squares 
of aband ac. .But the Square of bc is equal to 
thofe two Squares (by the taft) therefore (rhe Figure 
A % equal to both B and C together.) 


PROBLEM:1L™: 
To find two Lines and o, wibich foall have 


the fame Ratio to one another, as two gi- 
ven Squares, Similar Triangles, Similar 


er ‘Polygons, or Circles. 


Let a and d bethe Sides of thetwo given Squares, 
Triangles, Polygons; orthe Diameters or Radius’s - 
of the Circles given : Set them at Right Angles to 


I 2 one 


- 


600 OU BLE MENT SOY 
‘oné another, as you fee, and draw the Hypothenufe 
b+ c, to which let fall the Perpendicular p, which 
fhall divide the Hypothenufe into two Parts 6.and c, 
the Lines required, For the Triangles Z and X being 
Similar (by 56. of the 6.) will be to one another as 
the Squares of their Homologous Sides 4 and. d, 
(6. 47.) Thefe Triangles alfo having the fame height, 
will be as their Bafes (6..42-.) wherefore their Bafes 
b and ¢, are as the Squares of d and 4.. Q. E. D. 


iy eC aar Howe Gn 


This Problem may be Inverted, thus; To 
make two Squares, Triangles, Xc. baving 
the Ratio of two given Lines, b and c, 
or in any given Ratio. t 


Join the Lines into one continued Line, and then 
make that the Diameter of a Circle, from the Point 
where 6 and cjoin ; erect a Perpendicular to the 
Cunve as p, then draw d and a, andthey fhall be the 
Sides of the, Squares, Triangles, fimilar Polygons, 


‘or the Diameters of the Circles required... .. 1 
Wee yy ~ Ina Right-Angled Trian- 
gle let the Hypothenufe be h, 
the Catheti or Legs 6 and ¢, 
aPerpendicular from the Ver- 
tex of the Right Angles, and 
. the Segments of the Bafe 
made thereby, 4 and e- Then 
1. hb. b::0c. p. Wherefore bp = c, from whence 
will arife thefe-4 Fheorems, for finding any of the 
Sides or Perpendiculars. by having the reff, | 


1b 


BBook VI. of GEOMETRY. - (17 


I panies Ligcrtn 
? aia b 
bat iy ee 
Me HY" oe 


A ee bb=ah 
; é Wherefore ; : 
A co=el 


PW Bence will arife Beret two Theoréms f for ee 
the Segments from the 3 fides. | 


jsbh Lol eae 
b =4 2 pore 


| BAP: tbe ac=peb 
rae Wherefore { _ € 
eb=p'c 
‘From whence thefe Theorems will atife for find- 
PB rae Segments, the Sides or the Perpendiculase 


mes 4, 2 bia 

ac | eb 

o-- m=b. om = 6 
EP este. oan 

ac eb 
er age ca Pam 


he be= pep. 
| zo nt Where 3 | ¢ 
a a cam pb 


13 And 


bin} 
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And confequently 


4 

ca 
ih ¢ 
» we fl 


sg € 4 ; h s 
i. elf G ae a HO : 
3 b a 


, nt a noma é ‘ ; t \ : , Se 
5. And aheee=h and (by gee” 


FAQ 94 bs 
C Ce 
_., ‘Therefore = $e Wherefore p cb = bee, 
aaeeeer S erristoets 2 OW) BIBI SUID JONSH ty CS 


and dividing both by 829 Sh gpor eisomgae 23 


That is, the Rectangle under the Lees, is ea Ra) 9 

that of the Perpendicular into the t y pothenule, Ge. 

For, by proceeding afrer this Method ,the Reader | 

may cafily difcoversmany fuch Propofitions a§-théle = _ 

Which Ifeave to exercife? his Skill'and Diligence. 
9 h Nav «8 


this way.6 24°98 


LA) Tharithe Rietangle under either Lep of Hight 

‘Angled Ay and ‘the oppofite-Seement of ithe Bale, 

_ jg equal to that under the Perpendicular into the o- 
ther Leg. indies. felts \q 

IJ. The Square of the Hypothenufe is to that of 

either Leg : : as the Rectangle under the Hypothe- 


. nnfe, and the Segment oft, oppofite to that Leg, is 


to the Square of the Perpendicular, 


Ill. The Solid under=the Perpendicular into;the 
Rectangle of the Legs,is eqttal to that under the Hy- 
pothenufe into. the. Rectangle. of its. Segments, 


IV. Ghei Square’ of the Perpendicular, Ys‘tokhe 
Square of any Legyas ‘the’ Segmen# opposite to the 


Leg, isto the whole Hypothenule. °° * 
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_ V. The Square of one Leg into the oppofite Seg- 
ment of the Hypothenufe equal to the Square of the 
other into its oppofite Segment. Wherefore, 


VI. The Squares of the Sides are as thofe Seg: 
ments. | HOO : 
56. If on the Hypothenufe bc of a Rectangled - 
Triangle, there be made a Semi- Rg 9G 
circle 6 a c, and on the other two 
Sides a band ac, two more Semicir- 
cles 6naand am c, that great Semi- 
circle will be equal to the other two 
(by the laft Propofition.) And if from the greater Se- 
micircle, and the two leffer ones, you take away, 
what ig common to both ; which ate the two fhaded 
Segments 4b and 4c; what remains of each mutt be 
equal, i. e. the Triangle a 4 cis equal to both the 
Lunes bn aanda mc. 
And this is the Quadrature of the Lunes of Hip- 
pocrates of Scio, | 
57. When the Triangle b acisan Ifofceles, then 
‘the Lunes will be equal, and then alfo the Triangle 
abo, being the half of 4 4c, will be equal to each 
Lune: But if the Triangle be a Scalene as in this Fi- 
gure, the Lunes are unequal ; and ’tis as difficult to 
divide the Triangle adc into two parts by the Line 
ao, foas to be ableto prove the Triangle 2 60 to 
be equal ro the Lune b x 4, and the Triangle o 4 ¢ 
ro be equal to the other Lune a mc; this is, J fay, 
as difficult as to find the Quadrature of the Circle. 


N. B, Since thi, feveral ways have been difcover'd of 
fquaring any affigned Portion of thefe Lunes (See 
the Philofophical Tranfattions, N. 259. pag: 43 
11.) Of which thi one. 


rq | Let 
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Let there be a greatet Circle BG A.C*6n whole. 
Quadrantal Arch BA, let. the Lune BEAGB, or P, 
be drawn by defcribing the Semicircular Arch BEA, 
which is one half of the leffer Circle BCAE, Let 
then a Line as CE, be drawn from the Center of the 
greater Circle, cutting off any Portion or Segment of 
the Lune, as BED: 'Tis required to Square that 
Segment, 

Draw BG at right Angles toE C.; So fhall the 
Chord B G be Perpendicularly Biffected in the 
Point F or », draw alfo BE and EG A. I fay, thar 
the Right-Lined Triangle B E F, isequal to the Part 
of the Lune BED, 

For FG being equal to FB, EF common to both, — 
and the Angles at F equal, besaufe both Right, the 


“Triangle EF G Will be equalto BEF: Wherefore — 
the Angle o being equal to a, they muft be both Se- 
garight ; And conlequently, f and $ muft be allo 
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Seimi-right : Therefore the three Triangles E B G, 
E BF and E F G, muft be each one the half of a2 
Square. And confequently, GB. EB:: ./ 22. 4/ 21. 
for the Square of G B is double the Square of E B; 
and fince Similar Segments are as the Squares of 
their Chords, the Segments B G muft be double of 
BE: Wherefore the half of one will be equal to all 
the other ; that is, BDF equal to the Segment B E, 
And therefore the Rectilineal Triangle B EF, ex- 
_ ceeding the Portion of the Lune by the half Segment 
BEF, and falling fhort of the Lune by the Segment 
BE, which is equal to that former half Segment BDF, 
the Triangle is exactly equal to the Portion of the 
Lune... Q. E. D, . . 
And the ground of all is this, that the Angle BCE 
being at the Center of one Circle, and at the Cir- 
cumference of the other, muft divide the Quadran- 
tal Arch BGA, in the fame Proportion’‘as it doth the 
Semi-circular’ one BEA: On which depends the 
Equality of the Segments B E, and B D F, 
And fince the Triangle BCA is equal to the Lune 
L (as is apparent by taking the common Segment 
BGAB, from the Semi-circle BE AB, and from the 
Quadrant B GA-C.) It willbe eafie to take from 
thence a Part, as the Triangle B O C, equal to the 
Affigned Portion of the Lune. — For having let fall a 
- Perpendicular from E,to find the Point O,draw OC; 
and then will.the Triangle BO C, be equal to the 
Triangle BEF, before proved equal to the Segment 
‘of the Lune. For the Triangles B C Aand BEF 
vare fimilar, as being each the half of a Square : And 
therefore the former to the latter will be as the Square 
‘of B A, to the Square of BE (6.47.) their Homo- 
logous Sides. That is asB A isto BO (6, 25.) for 
B E is a mean Proportional berween B A and BO. 
Farther, the Triangle BAC, having the fame Height 
“with BOC, will be ro it as the Bafe A B se p O. 
| ere- 
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Wherefore the two Triangles BEF and BCO, be- 
ing proved to have the fame Ratio to one and the 
fame thing, muft be equal. Q.E. D. BP 
And therefore ro divide the Lune according to a- 
ny given Ratio, you need only divide the Diameter 
AB, according to that Ratio in the Point O, and from 
thence erect a Perpendicular to ‘find the Point Ez 
then draw EC, which fhall cut off the aifigned Por- 
tion of the Lune.’ / 
58. Two Chords cutting or croffing each other in 
a Circle, have the Segments Recsprocal- 
Gon d Ly Proportional, . 
Na fay, thatac.beude.ec, and con-— 
..: fequently the Rectangle ae ¢ is equal 
m “¢ to the Rectangle d e 6. 
“eager” For draw the prickt Lines 2 b and 
ake a, dc, and thetwo Triangles 4 be and. 
dcewill be Similar: Becaufe 1. The Vertical or 
oppofite Angles at e'are equal (1, 23-) 2. The Angle 
b is equal to c, becaufe ftanding both on the fame 
Ark a d, and being in the fame Segment (4. 12.) 
wherefore the two Triangles are Similar, and con- 
quently ze.eb::de.ec. (6. 46.) Q: E. D. 
59. Ifac be the Diameter of a Circle, and 46 da 
> Perpendicular to it, deor be will be 
a mean Proportional between the Seg- 
ments of the Diameter 4 e and e¢, 
Becaufe de is equal to'e b (by 4. 6.) 
and therefore fince (by the laft ) the 
Rectangle bed (chat is b e Square) ds 
equal to aec. as the Rectangles of 
the Parts of all croffing Chords are ; the Line } e or 
ed, muft be a mean Proportional between a ¢ and 


ec, Q, BE. D. 


60. Twa 


af 


@, without a Circle, to the Incernal 
and oppofite Parc ‘of its Circumfe- 
rence; are to each other Reciprocally 
as heir external Segments. I fay, 4 c,° 
ad::aeé: ab. and confequently the 
‘ReGanglé ¢” b is equalto dae. For 
fuppoting the Lines e e and bd ta be 
drawn, the Ffiangles aec and a db 
will be fimilar, becaufe the Angle 2 is common to 
both. and the Angle c is equal to d, becaufe ftanding 
on the fame Ark be (4. 12.) wherefore da.ab:: 
éa,a¢ 3 and Alternately, da.c¢a::ab. ae.and by 
Inverfion’c a. da@::2¢e.4ab.(6.'45. ) And. therefore 
the Rectangle ¢' iy isequaltodac. Q. E. D. 
[fone Line asa b, touch a Circle, as in the Point 
b, and another Line ad, dvawn from the fame Point 
a, do cut ic ; Phen is ab (the Tan- 
gent) a mean’ ‘Propertional between 4 
ad and ae (i. e. between the whole Nes : 
Secant, and phe: Part of zt without the 40 
Circle.) TT ¥ \ : ‘ 
Bor drawing the Lines ‘be and 6d) Ok ey, 
the Trianglesacband 4 a2 d will be Sd oooh 
Similar, becaufe the Angle 4, is com- 
mon to ‘both; and the Angle# be (made by the Tan- 
gent, atid Secaint e b) ts equal tod (an Angle in the 
oppo/ite Segment) C4. 17+)’ therefore they are fimilar, 


and confequently’e \(in ‘the little Triangle) will be : 


ob: + as thatfame ab isto.a d, in the © Brcaree 
Proeae ie, ea. ab: albonid. ‘Q.E.D : 


61. Let 
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é0. Two Lines 2 ¢ and 4 d, drawn from-a Point 


a 


of 
ie ; 
Ars 
Ne t oes 


- 61. Let there be a Diameter 24 cut in c by an Infi- 
. nite Perpendicular e e, whether with- 
a in the Circle, as in Fig. 1. at the Cire. 
4, cumference, asin Fig, 2.. or without. 
e the Circle, as in Fig.3. Let there 

be drawn alfo from the Point.a, any, 
Right Line, as 2 e, cutting the Perpen- 
a 4 dicular in e, andthe Circleind, [I 
fay, it fhall always beas 2d. ac::ab, 

GC. . 
: For drawing the Line dd, there 
y will be made two Triangles that are. 
) Similar, as e ac andda0b3 which 
e Ps e will befo, becaufe they have one An- 
| gle as 4, common to both, and. the 
‘Angle d equal toc, becaufe both are Right ones (for 
dis Right by 4. 14:) as being an Angle ina Semis 
circle, and c is Right by the Suppofition, Wherefore 
the Triangles are fimilar; and confequently 4 d.ac << 
ab.ae. QED. ) . 
62. Inthe fecond Figure,ad is always a mean Pro- 
portional between a e and ad ;in the firft, the mid- 
dle Proportional is 4 E, drawn from 4, to the Place 
where the Line ec cuts the Circle. | 

63. If of a Triangle infcribed in a Circle, the An- 

gle b ac be Biflected by the Line ae d. | 
-T fay, then ba.ae::ad.ae, For drawing the 
it Line e b, pre et be made Bw es 
angles a and aec, which are Si- 

bA he ; becaufe the Angle d is equal to 
c (4. 12.) as (being in the fame Segment) 

or infifting on the fame Ark, andba d 

is equal to e ac by the Suppofition, 

Wherefore the Triangles are Similar, 

and confequently ba.ad::ae.ac. (and therefore 

alternatelyba.ae::ad.ac.) QED. 


64. When 


Book VI, © of GEomeETry. 125 ’ 


64. When the Angle at the Vertex is thusbifleted 
the Segments of the Bafe } c, are alfo proportional to 
the Legs of the Triangle (3. ¢.)b e.ec:: b a, ae. For 
f{uppofing ef drawn Parallel to ba. Then will b a. 
ac::ef. fe (6: 40.) But efis equal to af :becaufe 
the Angle a ef is equaltoeab, (as being Alternate 
Angles 1.31.) and confequently toe af (by the Sup- 
pofition) wherefore the Triangle ae fis an Iofceles 
(2. 15.) And therefore inftead of putting of it as be- 


fore ba,ac::ef. fe, wemay fayba.ac::afe 


f.c. But as af. fe:: fo isbe.ec(6. 42.) wherefore 
‘bacac:: bevec. Or, whichis all one, bc.ec: : 


ba.ae Q.E. D. 


(N. B. Tha Propofition '§ Wniverfal 3 and if any 


Angle of aTriangle be Biffe&ted, the Legs about 


that Angle are proportional to the Segments of 
the oppofite fide made by the Line Biffe&ing 
the Angle.) 


65- If two Circles touch one another (ina Poine 
within) as a, and if to that Point 
»you draw a Tangent and a Perpen- 
‘dicular 4 ¢ 6 (which will pafs through 
both their Centers) (4. 5.) and if al- 
fo you draw any Secant from the 
fame Point, as ae d. I fay, ‘twill al- 
ways be ae, ad::ac.ab. For 
having drawn the Lines ec and db 
_ the Triangles ae c and 2b d will be Similar, as ha> 
ving the Angle at a, common ; and e and d both 
right ones ; (by 4.14.) and confequently ae. a d:: 

ac.ab. Q.E.D. : 
* 66. The Arkecistothe Ark d b, as the whole 
: “per aec, tothe whole Circle ad. (6.49. and 
ed 4. II. ; 


PR OP. 


poy t 
ee: 


7 
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69. If two (ot mote) Chords, asc, C, iffue from 
the fame end of any Diameter of a Circle 5 Their 
Ky ac Squares fhall be direEly, as the 

Verfed SinesxX, | 
And fhall alfo. be equal to 
the Retiangles: under the Di- 
ameter and {uch Verfed Sines. 
Let fall the right ‘Sines s 
and §. Then. willee—ss 
+x, andC C =S$5$-- 
’X X, and if che Diameter bé 
called D, its Patts will be x 
and D— x, X-and D— X: 
aati oy But ss — x D—x-x, and 
$$ =DX—XX (by 66 of this Book) where- 
fore Subftitute thofe two laft Quantities inftead of 
the Equals s.s and $$; and you will havee c=Dx 
—xe-+-xx (that is) D x andC.C=— DX — 
~XX-+ X X (tharis) DX which proves the latter 
Part of the Propofition, that the Square of the»Chord 
is always equal to the Rectangle under the corre. 
fponding verfed Sine, and the whole Diameter. 
; And ’tis-plain that, 


Dx DX:: aX. QED; 


PROP. 


68. A Circle whofe Area is equal to the Convex 
Surface of a given Cone, will have irs Radius, a 
mean Proportional between the fide of the Cone and 
Radius of its Bafe. ih 
ae € 
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Let the Side of the Cone be = 4, the Radius of. 
the Bafe-=r; then the Diameter will be 2 7, and 
the Periphery = 27e==c. But half the Periphe- 
ry into the Side of the Cone isto the Convex Sur- 


face of the Cone (by ....) that is, are expreffes, - 


the Area of the Cone. Now fince 4/ : ar is a mean 
proportional between a and r (for 4. 4f : ars: 4/:ar 
vr) Limagine 4/: 47 to be the Radius of the Cir- 
cle whofe Area = Area of the Cone. Then will 
its Diameters be 24/: ar and its Periphery 2 4/: a7 e? 
and by Multiplication of 2 4/: a7 e, the Periphery, 
into + 4/: r athe half Radius: or «/: areinto 4/: ra 
the Radius of the Circle will be are = h, the Sur- 
face of the Cone. Q: E. D. 

69. The Convex Surface of a right Cone is to the 
Area of its Bafe :: as the Side of the Cone is to the 
Radius of the Bafe. 

For fince the Convex Surface of the Cone, (by 
what is faid after 14. Book 4.) is equal toa Tri- 
angle whofe Bafe is equal to the Periphery of the 
Circular Bafe of the Cone, and its Height the Side 
of thar Cone, call the Periphery c, and the Side of 


, Pes ees: ae | | 
the Cone, then will > exprels the Area of the 


Convex Surfacé; and the Area of the Bafe will be =< 


(by Art26. Book 4. ) But thére is no doubt but 
Be Cs gage Wherefore, &e: 

ea : 
70. A Circle whofe Radius is equal to the Dia- 
_meter of the Sphere, will have its Area equal to the 
Sphere’s Surface. | 


Let 


ee 
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Y 
Let the Radius of fuch a Circle be 2 7, then its — 
Diameter is 4.7, and its Periphery will be 47 e, and» 


by multiplying that by r=half of Radius, the Area 
is4.rre. Let then the Radius of the Sphere be 7, 


shen will its Diameter be 2 7, and the Periphery of a 
great Circle 27 e, which being multiplied by the Ra-. 
dius 7, makes 2 7 re; the half of which is x7, the © 
Area of a great Circle ; but the Area of 4 fuch Circles ~ 
is equal to the Sphere’sSurface (by Cor. V. p-'76.) | 
that is, 4rr¢ <= to the Sphere’s Surface ; which” 


was above proved equal to the Area of the Circle, 


whofe Radius was equal to the Sphere’s Diameter, 


Wherefore, Se. 
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BOOK VIL 


Of Incommenfurables. 


Leffer Quantity is faid to Meafure a 
greater, when being taken a certain 
j] number of Times, it is exactly equal 
S41 'to the greater. V. gr. Suppofe a Fa- 
thom to contain fix Peet; then may, 

eS! one Foot be {aid to Meafure that Fa- 
thom, becaufe being taken or repeated fix times, it 
will be exactly equal to the Fathom. 

2. The Quantity which is thus a Meafure to a 
greater Quantity, is called a Part of that greater; — 
and the greater Quantity is call’d the Mulezple of the 
leffer, So a Foor is the Part of a Fathom, and-a 
‘Fathom is the Multzple of a Foot. . 
3. If you take the Quantity ( of a common French 

Pace) which istwa Foot roe a half, and try with that 
i rele t@ 
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to meafure a Fathom, you cannot do it: Becaule if 
you add that Pace only twice, it will make but five 
Foot, which are lefs than the Fathom ; and if you 
rake it three times, it makes feven Foot and a half, 
which are more than the Fathom ; fo that this Quan- 
tity of two Foor and a half cannot meafure the Fa- 
thon, and therefore properly {peaking is not a Part 
of it. But neverthelefs they may be faid to be Parts 
of the Fathom, becaufe this Quantity contains five 
half Feet ; for an half Foor isa Part of a Fathom, 
becaufe being taken 12 times, it will juft Meafure 
it ; fo therefore this Pace contains Parts of the Fa- 
thom, becaufe it contains five half Feet which are 
<5 that is five twelfths of a Fathom, 
~ 4. When two Quantities are fuch, that a third can 
be found which fhall be an (4/iquot or Even) Part of 
both, that is, which fhall meafure them both exact- 
ly : Then thofe Quantities are faid to be commen- 
furable : As for inftance, a Pace and a Fathom are 
two commenfurable Quantities, becaufe we can find 
a third Quantity, 24%. half a Foot, which will mea- 
fure them both ; For if the half Foot be taken five 
times it makes the Pace, and taken 12 times, it 
makes the Fathom. ) : 

5- But when itis not poflible to find any third 
Quantity which can meafure two others, then thofe 
two Quantities are called Incommenfurables. 

6. Commentfurable Quantities are as Number tc 
Number, that is, thofe Quantities can be expreffed 
by Numbers, fo that as one Quantity isto the other, 
fo fhall one Number be to the other. Thusa Line 
of fix Footor a Fathom, and a Line of two Foo 
and a half, asia Pace, are to one another as Numbes 
to Number. For half a Foot meafuring them both, 
thé latter by being taken 5 times, and the former by 
being taken 12 times; it’s plain that one Line con. 
-tains 5 half Feet,and the other 12, and therefore the} 
areas 5 to12, oras NumbertoNumber. 7. f 
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_ 7. If ewo Quantities are not as Number to Num- 
ber, thas.is, if ic be impoffible to exprefs their Mag- 
nitudes by two Numbers,. they are Incommenfura-_ 
ble: As is plain from the laft. 

. 8. We ought then to fee whether there are in Re-. 
ality any fuch Quantities whofe Magnitude cannot 
be expre(s’d by Numbers,and if tltere be any fuch,we 
muft fay that there are Incommenfurable Quantities. 

_ gi. A plane Number is that which may be produ- 
ced by the Multiplication of two Numbers (one ine 
fo-anopber,) v. g- 6is a plane Number, becaule. ir 
may be produced by the Multiplication of 3 by 2° 
For twice 3 makes 6 : So alfo15 isa plane Num- 
ber, arifing from 5 being Multiplied by 3 ; and 9 is 
a plane Number, produced by the Multiplication of 
3 by 3. 7 
v o. Thofe Numbers which being Multiplied one 
by another, do produce a plane Number, are called 
the Sides of that Plane, as 2 and 3 are the fides of 
the Plane 6 ; and 3 and § are the fides of 15. 
11. If we.imagine Unites to be little Squares, 
thofe Squares may be formed into a Rectangle, if 
their Number be a Plane. V. gr. 12 Squares may be” 
placed in the form of a Rectangle, one of whofe 
fides may be 6 and the other 2, and 48 will make a 
Rectangle whole rwo fides may be 12 and 4. See 
the following Figures B and C. 

12. A Square Number is a plane, whofe fides are 
equal ; as 4 arifing from the Multiplication of 2 by 
2; as 9,the Product of 3 by 3: And 16 made by. 
4 Multiplied by 4, &ec. | 
13. A Square Number may be ranged into the 
form of a Square, and that Number which can be 
ranged into the Form of a Square is a Square Num- 
ber, and that which cannot be ranged into the Form 
of a Square, is not a Square Number, 


K 2 14. Ste 
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14. Similar plane Numbers are thofe which may 
| ~*~ be ranged ‘into the form of fi- 
- -milar Rectangles ; that is in- 
:.{ :., to Rectangles, whofe Sides 
“yt are proportional ; fuchare 12 
and 4% ; For the Sides of 12 
are 6 and 2 (See Fig. B) and 
: the Sides of 48 are 12 and 4 
(See Fig. C,) But 6. 2 :: 12, 4. and therefore rhofe 
Numbers are Similar. 
15. All fquare Numbers are fimilar Planes (6. 32:) 
: 16. Every Num- 
ber may be placed 
in the Form of 4 
Right line, and in 
that difpofition may 
be taken for a Plane. 
| : ~ Thus 3 (in Fig. A) 
may be conceived as a Plane Similar to 12 or B; For 
the fides of the Plane 3, are 1 and 3, (becaufe once 
3 is 9) and the fides of 12 are 2 and 6. But ast. 
Zit ANS, eal y 
17. There are Numbers which are not Simzlar 
Planes: As if you examin from 1. to 10. you will 
find indeed that 1. 4. 9. being Squares are fimilar, 
and fo aré 2.and 8, which have one fide double to 
the other. But the reft as 3.5.6.7. are by no 
means fimilar Planes. 
12. If one Square Number be Multiplied by 
another,the Produ& will be a third Square Number. 
hie - Thus A 4. and Bg. being both 
Squares do, when Multiplied into 
one another, produce the Numbet 
36 or C: And I fay that third Num- 
ber isa Square.. For the meaning 
of Multiplying B by A, is totake B 
as often .as.there are Unites naa 


ba 
5 
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But I may confider the whole Number B. 9. as one 
only Square, and J can take that as often as there are 
Unites or little Squares in A, And as the Unites in 
A are ranged into a Square, fo I can range the 
Square B as often into a Square Form, juft as if it 
were an Unire. So:that there will be four fuch 
Squares of B, which being placed as you fee in the 
Figure, will make the Square C or 36. 

1g. If rwo Numbers are fimilar Planes, the greater 
may be divided into.as many Squares as there are U- 
nites inthe leffer, A. 3. and B. , 
12, are fimilar Planes ; fo that 
the fide 3, is to 6:: as the fide 
vis to.2, Wherefore I can di- 
vide the Plane B, 12; into 3 
Squares placed juft in {uch a 
manner as thofe 3 little Squares 
in the Plane A. And every one : 
of the great Squares of B fhall anfwerto 4 of thofe 
in A. So alfo if the Planes 
had been 8 and.72 ; I can 
Divide 72 intoeight Squares. -ppp—p=r- 
of which every one fhall foam 
contain 9 of thofe in the (Ji 7} 
leffer Plane 8. The {ame “9 
would come to pafs alfo, 
if either one, or borh the Numbers had been Fracti- 
ons. As if A contain 3 and 4, and B rq. I candivide 
14 into three Squares and an half, difpofed juft like 
thofe in A. as may be feen by the Partitions in the Fi- 
gure, and by the half Square added in Prick'd Lines. | 
_ In like manner if the Planes were B 12, and D 27, 
I can divide 27. not only into three Squares, difpofed 
after the fame manner as thofe in A : Bur alfo into 
42 Squares, fo ranged as thofe in B, as the prick’d 
Lines in the Figure D do fhew. The way to do which 
is to divide the Sides of the greater Planeinto as ma 
ny Parts as the Homologous fides of the lefler Plane 

K 3 are 
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are divided into ; the Figure-thews the thing, and 
makes it eafie. || . rhs | i 
| 20, Thofe plain Numbers which can be’ fo divis | 
ded as that there are as many Squatres in the greater. 
Plane, as there are Units in the leffer, are Similar 5) 
this isithe Converfe of the former. 2 i 
ot, Two dfimilar Plane Numbers multiplied one 
nto another do produce a Square: For having die 
vided the greater Plane into asmany Squares as.there 
are Unites ‘in che leffer (7.19:) One Plane will be 
multiplied by the other, if the greater Squaresof the 
greater Plane be taken as often'as thereare Unites or 
litle Squates in the leffer Plane: But to mulcply 
any Number of Squares, by the fame Number, is tq 
make one Square ouvof all thofe Squares. a 
For Inftance, A 3. and B 27. being Similar Planes, 
Iconfider B. 27. as a Plane compos'd of ‘three great 
Squares, as A 3.is a Plane‘compos’d of three Unites; 
‘of three Hrele Squares, So that if Drake all thefe three 
great Squares, as often as there are Unites in A, that 
is three times ; 1 produce thén:three times three fuch 
great Squares as are in B, thar is, ‘9 fuch Squares; of 
which every one contains 9 of thofe in A, and all 
thefe 9 Squares of B contain$r of ithofe of A5:fo) 
that A 3. multiplying Bow7.! produces ’8 1. which isa 
Number of the leffer ‘Squares rang’d 

-linto ‘a Square: Figure andby:confe- 

bs 49 2 TITIA’ Quence.a {qnareiNombet. (7.13-) In 
p i a ennoee hke mannerif rhePlanesowere B. 12, 
REOREABSE. 


and) DD, 27001 bdlivide:27. into 142) 
Squares, which Iimuliply ‘by 12, 
and there:are prdduced i144 greater 
» Squares rang’d ‘nro tthe Form: of a 
7 Square, which dovcontain in all 324 
of thofe of the Jeffer Plane. (N.B.-To divide 27 in- 
2002 Squares, each Sauarecmuft be2. 25. (or two and 
a quarter) anon yay fee itis Im the Figure D.N°.19 ‘ 
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29. If two Plane Numbers are Similar, after 
what form foever you range one, the other alfo may. 
be fo difpofed: Let 3 and 12 be fimilar Planes, If 
12 be fo rang’d ina Right line thacic will make a. 
Rectangle, one of whole fides fhall be 12, and the 
other 1. I fay that 3 may be fo difpofed as to make 
a fimilar Rectangle, one of whofe fides will be 6, . 
and the other the half of one, &c. 
23. If one number divide another that is a Square 
one, a third fhall be produced which will bea Plane 
Similar to the Divifor. . 
Let there be a Square ac 16, and let it be divided 
by any Number, as fuppofe by 8, which is done if 
you take the eighth Part of the fide ad, 
viz, ae. and thro’e draw the Parallel q 
ef. For by that means you will have ¢ 
the Plane a f, which will be the eighth isos beh 
Part of the Square ac. But to divide i 

4 Number or a Plane by 8. is to take oot c 
the eighth Part of thar Number or 

Plane. . | 
I {ay the Plane afis fimilar to 8 ; for 8 being rang- 
ed’ into a Right line, fo as to make a Rectangle, one 
of whole fides fhall be 8. and the other 1. fhall be Si- 
milar to it, becaufe ae was taken the eighth Part of. 
adorab: Wherefore as 8. 1 :: (which are the fides | 
of the Plane 8 the Divifor) fo fhall.a 6. ae (which are 
the fides of the Plane of the Quotient arifing when the. 
_ Square ac was divided by 8.) Therefore if oneNum= 
ber divide another that is a {quare, Jc. Q. EB D. 

24. If two Planes multiplying one another do 

produce a Square, whofe Planes are Similar. 

25. Two Plane Numbers which are not Similar, 
if they are multiplied into one another, cannot pro- 
duce a Square. Thefe two Propofitions are Con- 
fectaries from the foregoing ones, 

K 4 | 26. If 
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26. If two Numbers are fimilar Planes, their Eguz- 
multiples and any of their. (Re/pe@ively) equal Parts, 
are alfo Similar Planes. Let the Planes be 2bcd. 3. 
and ABCD. 12. fothatab AB::bc. BC. I fay; 
if you take the double of the one’and the double of | 
the other (or any other Equi-multiple, be it what ) 
you pleafe) thofe doubles fhall be Similar. 
For having taken a4 e double'ro ad, and A E dou- 

ble to AD: in order © 
4 1 to make the Plane bey 


A ninth 
f cf[-[-¢-] double to 4d, and BE 
oF FEEL] i: == double to BD: “Tis © 
— Me oY? : 
E: : 


— 


2 S 


eo 0) Sogigarathara dy A Do: 

aeAE. But ad. AD 

:2ab, AB; Wherefore 

alfo ae: sAE:: ab. AB. 

‘And confequently the Planes be and BE are Si- 

milar, bs! ri 

*T would be the fame thing had you taken their, 
halves 60 and BO, or any other equal Parts of each. , 
27, If two Numbers are not fimilar Planes, theit | 

Equi-mulriples, and all their (ve/peétively) equal Parts _ 
will ‘alfo be not Similar, which ‘follows from the laft., 
28. Berween any two fimilar plane _Numbers 
whatfoever, there is to be found: a mean Proportio-; 
nal, Ler the two Numbers be'2and’8, I fay. it is, 
pofiible to find a Number which fhall be a mean Pro-. 
portional between them. For) if» we imagin the. 
Plane 8 to be ranged in a right Line A B,:and, the; 
Plane 2, alfo to be ranged in another right Line:as 
AD. and that out of thofe two right Lines there:be 
formed the’ Plane A -C. 16.) 


AL — That Plane’AC, 16.) wilk be 
produced by the Multiplication 
oll “=c of thé? two Numbers 2 and 8 


ah | (6. 17, and the following | Pro- 
pofitions) and confequently the Number of the Ri 
PRD Marwna. 8 neta = Aaa ire tle 


the Square ac be equal to the Plane 
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tle Squares of the whole Plane-AC.16, fhall bea 
{quare Number (7.21.) andthey~. , | by. | 
may be ranged into the form. of a fe hr 
Square (7.13.) Let them: then, be... 
difpofed into the Square-ac. So fall. 


AC, for ’tis only the fame Number d Lp C 
difpos’d or rang’d after another manner. Wherefore 
(6, §9-) the fide 4 6 4 fhall be a mean Proportional 
between A:D2, and ABS. ee ry 

29. Between two Numbers Non-fimilar.a mean, 
Proportional can't be found. Let. the Numbers be, 
4.and 6. Range each of them into a Righr-line, and 
multiply them, they will produce the Plane 24. But 


this Plane 24 is not a fquare Number (7.25. ) and 


confequently cannot be ranged into a {quare Form. 
Wherefore ‘tis impoflible to have any Mean between 
4.and 6. For fuch a pretended mean Proportional 
muft, multiplied by it felf, produce a Square, which 
(as hath been prov’d elfewhere) will be equal rovthe 
Plane made between 4. and 6. (6. 59.) which is im- 
poflible, becaufe this Plane'24, made out of 4 and. 6. 
is not a {quare Number, iil norte obmert 
» 30. Letthere be two Lines. ae and ec; fo/to.one 
another, as.one, Number to,another. © 3 > 
Nonfimilar., V. gr. as.1 to,2.. Let ale, «brag 
fo eb be a. mean Proportional, fo that af 
aceb:: eby-ec.I fay, that eb is n- ale 
commenfurable with the two Extremes 
ae and ec.\Foraeande cbeing as 1 ER 
to.2, (7. e.)\as. Numbers.Non-fimilar.. . .%) =.) « 
(by the Suppofition) as alfo are al} their Equimulti- 
ples (7. 27.) ‘tis impoffible to find a mean-Proporti- 


onal between ae andec (by the Precedent) and con- 


fequently, ed cannot be to ae, or toec, as Number 
to Number, Wherefore it is Incommenfurable with 
them, petit 


31, The 


na: ELEMENTS 


31. The Diameter of a Square 2 is Incommen- 
furable to the fide ac. For taking ad 

eb double to ac, and making the Tri- 
ia angle a6 d, it fhall be Similar to the 

a —Gaumis,d Triangle abe; becaufe cd being e- 


% . 
% 
O 


=“ qualto cb, the Angle d is equal to 

ie chd (2.15.) and the Angle d muft 

f be a Semi-right one as well as cab ; 

wherefore abd isa Right angle ; and confequently 

ac.ab::ab.ad, That is, ab. is amean Propor- 

tional between aci. andad 2, and therefore In- 
commenfurable (by the Precedent.) 


COROLLARY. 


Hence ‘tis impoffible to exprefs one Square 
that {ball be Double of another in Ratio- 


nal Numbers. 


32. The Power of a Line is the Square which is 
made upon it, Thus the Power of the Line 4 c (Fig. 
preced.) is the Square ae bc; and the Power of the 
Line ab is the Squareabdf. And wefay that 
Line 24 is double in Power (in Latin bis poteft) to 
the Line ac, which is a manner of Speaking borrow- 
ed from the Greeks, and generally receiv’d amongft 
Geometers. 

33. The Diameter ab is Commenfurable in Power 
ro the fide ac: That is, its Square a bd f is Com- 
menfurable to the Square ae bc, for ’tis indeed 
double to ir. Shehpicg ud Bi 


34, But 


\ 
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34: Bucif you take ao, a mean Proportional be- 
tween a 6 and ac,that mean a o {hall be Incommen{u- 
rable to them even in Power; i.te, che Square of ao is 
Incommenfurable to the Square of ab, or | 
to the Square of ae. for the Square of ac a ~~ 
ro the Square of ab, isin a Duplicate Ra- Hy 
tio of acto ao (6.22) ; that is, asacto ab (6. 30.) 
But ac is Incommenfurable to’ ab (7, 31,) where- 
fore the Square of ac is Incommenfurable to the 
Square of a o; 164 | 

-. 35. There isa Second Power of a Line which. is 
called the Cube, which is made by multiplying the 
Square by that firft Line, or Root. | 

36. If twomeéan Proporrionals am andam be 
taken between ac and ab; fo that ac. 

- anz:am, ab;the Line an will beIn- a 
commen{urable in this fecond Powerto a 
ac{ie.) The Cube of ac will be In- 
commenfurable to the Cube of a, becaufe the Cube 
of acto the Cube of amis in a Triplicate Ratio of 
the fide ac to the fide an ;i,¢,asactoab, Bur 
ac andabare Incommenturable, wherefore, €8c. 
However ac and ab are Commenfurable in the {e- 

cond Power, forthe Cube of 2b is double to the 

Cube of ae." = > : 

» 37. Lis eafieto apply to Solid Numbers what hath — 
here been faid of Plane ones. » And thofe are called 

Solid Nymbers which arife fromithe Multiplication of 
a Plane Number by any other whatfoever. Vogr.18 

isa folid Number made of 6 (whichis.a Plane) mul- 
tiplied by 35 -orof 9 multiplied-by 2. | 

38. Similar Solid Numbers are thofe, whofelittle 
Cubes may be» fo ranged as to make fimilar and 
rectangular Parallelopipeds, mh | 
» 39. Cubick Numbers are fach as can be ranged into 
the form of Cubes as 8, or 27, whole fides are 2 and 
g,and their Bafesqgand9, 


o 


2 
7 


gov Every 
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40. Every Cubick Number multiplying anothe* 
Cubick Number produces a third Cubick Number, 
41. Between two fimilar folid Numbers there may: 
be found two mean Proportionals, © ; 

That which hath been demonftrated in refpe to 
Plane Numbers, may be applied to Solids. 

42. Thefe Demonftrations by which: tis proved 
thar there are Incommenfurable Lines and Magni- 
tudes thew alfo that a Continuum is not compos'd of 
Finite Points : For if the Diameter as well as the 
fide of a Square were compos’d of Finite Points, a 
Point would meafure both the Side and the Diame- 
ter, for that Point would be found a certain Number 
of Times in the fide, and another determinate Num- 
ber of Times in the Diameter, which the preceding 
Propofitions prove impoffible. "haha : 

43. Becaufe in a Rectangle Triangle the Square 
of the Hypothenufe is equal to the Sum of the 
Squares of: the Legs;.(6. 61.) we have always ufed 
this Triangle for the difcovery of Incommenfurables. 
For if all the three fides are Commenfurable, they 
may be all three exprefs'd’ by three Numbers, and 
then the Square of the greateft Number will be equal 
to the Sum of the Squares of the other two. As if 
the greateft fide or Hypothenufe be 5 Feer, the leaft 
- fide 3, and the middle one 4: ‘The Square of 5 
will be 25, the Square of 3, 9, and the Square of 4 
- will be 16: And 9 and 16 added together do make 
the great Square 25. Butif the leaft fide of fucha 
Triangle be 2. and the middle one 3. then the greater 
‘eft fide cannot be exprefs'd in Numbers, becaufe the 
Square of the leaft fide 4 added to the Square of the 
middle fide 9 makes 13, which exprefs the Square 
of the greateft fide, But as that Number 13 is not 
a {quare Number, fo its fide or Root cannot be ex- 
prefsid by any Number. du aie: 

44. At all times Men haye been Sollicitous to find 
our fome Method of difcovering proper Numbers ta 

; eX- 


Pe ee ee ee ee 
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exprefs the three fides of a Rectangle Triangle, fo as 
to be affured that all the three fides are Commenfu- 
rable. Therefore I here fhew you fuch a Method, 
by which you may find out all the poffible Num- 
bers that are proper for this purpofe. | 

45. If you take any two Numbers (even Unity it 
felf ) differing but by an Unite, and add the Squares 
of them together, the Sum will be a Number which 
fhall bethe Root of a Square equal to two Squares 5 
And that number will exprefs the greateft fide of a 
Rectangle Triangle, whofe middle fide fhall be that 
Number leffen'd by Unity, and the leaft fide fhall be 
the Sum of the two firft Numbers. V7. gr. Having 
taken and 2,and Squared each of them, you have & 
and 4 ; Add thofe two Squares together, and the 
Sum is 5. I fay 5 will exprefs the greateft fide ; and 
then 4 will be the middle one,and 3 the leaft ; and 25 
the Square of the Hypothenufe will be equal to the 
Sum of the other two Squares, In like manner if 
you take 2 and 3, and add.the Squares 4 and 9 to- 
gether, the Sumis 13. ThenI fay, will 13, 12 and 
5 be three fides of a Rectangle Triangle ; fo that 
169 the Square of 13, fhall be equal to 144 and, 
25, the Squares of 12 and 5. Moreover if you take 
3 and 4: The Sum of their Squares 9 ‘and 16, 
makes 25, wherefore I fay 25 may be the greateft 
fide of a Rectangle Triangle, whereof 24 will be 


_ the middle fide, and 7 the leaft fide. 


Ic muft be obferv’d alfo, that rhe Equimultiples of 
any 3 Numbers thus found willdo the fame thing : _ 
Thus, having found 5, 4 and 3 their doubles ro. 8. 
and 6, will reprefent the three fides of a Rectangle 
Triangle, fo that 100 the Square of ro fhall be equal 
to the Sum of 64 and 36 thetwo Squares of 8 and 
6, And their Triples alfo 15.12. and 9. will do 
the fame thing : For any one may fee that all thefe 
Numbers ftill haying the fame Proportion, do asit _ 

were 


m2 ELEMENTS, &. 
were. conftiture but one only Triangle, vz, that 


which is exprefs'd by 5. 4. and 3. And therefore all 
thofe Numbers may be taken for the fame. 


N. B. The three Sides of a Re&angled Triangle will 
then only be Commenfurable, ‘when they are in 
this Proportion, Viz. as aa-\-ee,aa—ee, 
and 2ae. That is, the Sum of two Square Num- 
bers, the difference of ‘their Squares, and the 


double Reétangle of their Roots. 
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GEOMETRY. 


BOOK VIII 


Of Progreffions and Logarithms, 


I. (eeemeweran Rogreffion is a Series or Rank of 
Kaa Wet Quantities which keep berween _ 
yOAg One another any kind of fimilar 
24 Relation or Proportion ; and eve- 
spy ty one of the Quantities is called 
mas a Term. 
2. When the Terms which fo follow one another 
do equally Increafe or Decreafe, the Progreffion is 
called Arsthmetical ; as are all Numbers proceeding 
according to the natural Order of the Figures, as 1, 
2, 3,4, 5,6, ©. As alfo all odd Numbers, as 1, 3, 
5,759, 11, Gc. or as 4, 8, 12, 16, or as 20, 15, 105 
and the like, 
3. Arithmetical Progreffion may be increafed In= 
finitely, but not diminithed, amg | 
ASR eC URS 4. If 


eee ee SP Th ee fe ety hn 
th ty as eee 
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4. If in an Arithmetical Progreffion there be four 
Termis,the Difference between the two firft of which 
is equal to the difference between the other two, 
thofe four Terms are {aid to be Arithmetically Pro- 
portional : Asin the Progreffion of the natural Num- 
bersiits' 2}, 4y'$,09.%) Oso 3c. if you take four as 
2, 3°92: °9. 10 (This mark 3: I floall for the future ufe 
to fignifie Arithmetical Proportion) there will be the 
fame Arithmetical Proportion between 2 and 3 as 
there is between 9 and 105 that is, 10 exceeds 9, 
as much as 3 doth 2 : So alfo 3.5 ::: 8. 10. are 
in-Arithmetical Proportion ; and fo are 1.522:-5.9s 
where 5 being taken twice, is an Arithmetical mean 

Proportional between 1 and 9. 

s. In Arithmetical Proportion the Aggregate or 
Sum of two extreams is equal to the Aggregate 
of the two Means, as in 2.3:::9- 10. the Sum of 
2 and 10 is equal to the Sum of 3 and 9, that is 125 
fo alfo in 3.5:::8.10. The Aggregate of 3 and 
10 is 13, which is equal to the Aggregate of 5 and 8. 
‘And the reafon of this is felf-evident. For tho’ 10 ex- 
ceeds 8, yet that which is added to 8 (viz. §) doth 
juft as much exceed 3, which is added to 10, and fo 
there:neceffarily arifes an Equality between them. 

416, The Sum of the firft and laft Terms in any 
‘Arithmetical Proportion is equal to the Sum of the 
fecond and the laft fave one ; or, to the Sum of the 
third from the firft Term, added to the third, accounted 
backward from the laft, &c. as in the firft Example, 
1 and 9 make 10 ; and fo do 2 and 8, 3 and 7, or 
6 and 4 alwaysmake 10. And in the middle re- 
mains 5, which being taken twice (as if it were equi- 
valent to two Terms, becaufe ris equally diftant 
from the firft and Jaft Term) makes alfo 10. | 

7. If you add the firft Term to the laft, and mul-- 
tiply thar Sum by half the Number of the Terms, 
the Product fhall be equal to the Aggregate OF au 

ge i ‘i 
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of all the Terms. Asin the former Example, 1 added 
to 9, makes 40, and 10 multiplied by 4 + (or 4,5). 
for there are 9 Terms, produces 45, which is the 
Sum of all the Terms from 1 tog. As is manifeft 
from'the Precedent. | | 

8. When the’ Terims of the Progreffion are conti- 
nual Proportionals ;’ that is, when the firft is to the 
fecond as that is to the rhird Term, as the third is 
to the fourth, and as the fourth is to the fifth, @c. 
then the Progteffion is call’d Geometrical,as 1,2. 4. 8- 
16.32 3:5 Oras 1.3, 9. 27. 82: or again, as 3. 
12,48..192- 768: or defcending, as 8.4.2. 1325 OF 
laftly.as 2b oe phigh, Oe! ) 

9. Geometrical Progreffion may be encreas’d and 

diminifh’d infinitely. (931 

10. When the Progreffion begins with 1, the fe- 
cond Term is call’dithe . Root,’ Side or firft Power ; 
the third is‘call’d the/Square ot. fecond Power ; the 
fourth, the Cube or third Power ; the fifth, the Biqua- 
| drate or fourth Power ; the fixth, the Sur-folid or fifth 
Power 5 the feventh the Quadrato-Cube or fixth Power, 
&e. | | erat wh 

rn, If (én fuch # Progreffion) you take four Terms, 
the former two of which are as much diftant from 
each other, asthe two latrer are’: Thofe are fimply 
Proportional, and the Rectangle of their extreams is 
equal to thar of their two middle Terms. 

‘spa. Let the Quantity AB be fo divided in C, D, 
Eand F, &c, thar AB..AC::AC.AD:: A/D, 
AE, &c, Then Ifay,BC. CD. DE. EF, &c.. are 
in} continual Geometrical Proportion ; and alfo that - 
ABAC::BC.CD::CD.DE, &c. for be. 
caufe A B. A C:: AC. A D. it will follow by Divi- 
fion of Proportion, .that AB. lefs AC. (chat is CB.) 
AC :s:as AC lefs AD. (that isD C) AD. and con- 
fequently Alternately. CB. CD :: AC. AD. or as 
AB: AC. and fo of all others it may be proved :: DC. 
BDae EF ::GF, &e. L 13. Let 
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13, Let there be a Progreffion of Quantities. in ai 


-Right-line B,C, C D, DE, EF, &e. lerC d 


A be equal to the fecond. Term CD, that fo — 
GT we may have.Bd the difference. between the — 
F firft and fecond Terms: And let. it be made 


Do ire 4 


B A. I fay, that if the. Number of, the Terms 

BC. CD. DE, &c. be. Finite, tho’ never — 
fo great, all thofe. Terms taken together, al- — 
though there.be an hundred;thoufand Milli- — 
ons. of them, fhall be lefs than BA. But if © 
we fuppofe the. Progreifion, infinite, or that — 
the Terms are infinitely many, then fhall alk — 
of. them »taken, together be exactly equal: to 
BA. For fince by the fuppoficion B d. (thanis — 
BC. lefs,C dor CD) isto:B C2:BC, (thar 
is A B lefs.A.C). A B, itimay eafily be found) — 


that as BC: CDs: ABs AC2 ACA Dy | 


oe. and, confequently all the Terms.CD, DE, EF,. — 
é§c, will always be found: within, or be hither che, 
Point A.. To which:it Approaches: the nearer, the: 
more the number of the Terms is increasd. So that: 
we fee plainly, thatall thefe Terms (which in Books 
are ufually call’d.Parts, Proportional), tho’ they. be 
actually infinite, cannot. make.an Infinite Length, be-) 
caufe they. will alhbe-included' within the Line BAS 

14. This Demonftration will, appear much more) — 
eafie and fenfible by the Example ofa partioular — 
Progreffion, wherethe Tetms are ina double Raszo 
v, gr. Let CB be:double ro DC, and DC double'to 
DE, €&c. For.if the Number of the, Derms be here: 
Finite, tho’ ir be an hundred thoufand Millions, and, 
you take the laft and leat Term,. for Example FE, 
ahd add to ir another Quantity, as fuppofe AF, 
equal to it.¢ It is.then plain, thar EAotmuft, be equal, 
ra. the Tern ED, which is the Jat fave one 5 For 
E Dis double to By F by the Suppofition, (the Ratio. 


being. 


_ 
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being: every where double) and EA is alfo doubleto 
EF by the Conftruction, ic having been made fo, by. 
taking FA equal EF. In like manner A E with 
D B, that is»A D, fhall be equal to the following 
Term CD, andar: laft A € will be equal toB C. 
So that from hence it appears, thatthe firft or grear- 
eft Term is always equal ro all the others taken, to- 
gether, provided there be addedrothem but a Quan- 
tiry equal to the laft and leaft Term ; but if nothing 
be added, the firft Term is always greater than the 
Sum of, them all. 

If thefe Terms ate fupposd'to be actually Infinite, 
then the greateft BC will be exactly equal ro all thofe 
Infinite others taken together CD, DE, EF, &c. For 
any one may eafily difcern, that. the more there are 
of fach Terms, the more you approach towards A. 
by cutting off ftill the half of the Remainder: But 
when. any Quantity is thus leffen’d by half, and the 
Remainder again by half, and then the half of that 
third) Remainder. taken and fo on: Tis plain, that 
by fuppofing the Diminution to be made an Infinite 
number of times, nothing. ac laft will Remain. 
This alfo might be demonftrated by a Redu&ion ad 
Impopibile, by fhewing that all thofe infinite Terms 
taken together, are neither greater nor lefs than 


ons. Hence may the Difficulties raifed by the 
Schoolmen againft the (Infinite) Divifibility of a 
Continuum be folved,; tho’ to Perfons Ignorant of 
Geometry they appear Unfolvible: Bur indeed at 
the, Botrom, they are nothing but meer Paralogifing. 

16. If two Progreffions are fuppofed, one Geome< 
trical beginning with 1, and the. other Arithmetical 
beginning with o, fo that the Terms in one fhall be 
placed over and aafwer Refpectively to.thofe in the 
ah | Ls other 5 


48 °° 4 =EdSE MENTS | 
— other ; The Arithmetical ones are call’d Loza-sehms; 
Exponents, (or Indexes) as in the following Ranks. 


G58) OF Up os Sunes fi: 8. 
Be 2s Ael BLT 6. 32564 HIV 256. 


17, That whichis produced ina Geometrical Proe 
greflion by Multiplication and Divifior, is effected 
in the Logarithms by Addition and Subtraction’: As, 
if having three Numbers given ; 2.8:: 64; You © 
would find a fourth Proportional to:them in Geome- © 
trical Progreifion: You muft multiply 64. by 8. | 
(which are the two middle Terms). For the Product © 
512. fhall be equal to the Product made by 2.:and 
the fourth Number fought, they being the two ex- — 

-creanrs of four Proportionals. And to-find this fourth 
Number, you need only divide 512 by 2, andthe © 
Quotient will be 256. Sothar 2/827 64.2560-and ~ 
64 and 256. will be juft as far diftant from’ one ano- 
ther in the order of the Progreffion}'as2. and S are, 

But if inftead of the Geometrical’ Numbers 2. 8% 
64. you had ufed their Logarithms 1.°3::5, which 
anfwer to them in the Progreffion, and were minded — 
ro find a fourth Logarithm, then you muft havead- 
ded:3 and ‘6 which make 9, ‘and from thence have 
Subtracted 1. there would remain 8. The Loga- 
rithni anfwering to the Geometrick’Namber 256. 

18. So alfo. if there be rwo Geometrick: Numbers. 
4 and 8, to which the Logarithms 2-and 3 do anfwer; 
by multiplying 4 by 8 you produce'32; the Num- — 
ber under the Logarithm 5, which ‘isthe Sum of — 
the Logarithms of 2 and3. °° Pos . 

46. In like manner by mukiplying 16 by it felf, 
there will be produced 256 which ftands under the 
Logarithm of 8, the Sum of'4 added to it felf. 


20. SO 
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20, So if the Geometrical Number were required 
that fhall an{werto or ftand under the Logarithm 1 6; 
you mufttake 256 which ftands under 8, and malti- 
ply it by it felf, and it will produce 65536the Num- 
ber requir'd. e | 
21, If moreover the Geometrical Number an- 
{wering to the Logarithm 23 were requir’d, you may 
take any two Logarithms whofe Sum is 23, as fup- 
pofe 7 and 16,and multiplying the Geometrical Num- 
ber under them, viz. 12.8 and 65536 one by another, 
the Product will be 8388608. The number which 
ought to ftand under the Logarithm 23, or in the 23 
place of a Series of Geometrical Proportionals be- 
ginning from 1. } rOwEW | 
22. From hence appears the way of Anfwering 
that ordinary Queftion, how mucha Horfe would 
coft, if bought on this Condition: That for the 
firft Nailin his Shoe a Farthing were to be paid, for 
the fecond Nail two Farthings for the third Nail 
four Farthings, for the fourth Nail eight Farthings, 
and fo on, ftill doubling for 24 times: For the 23d 
place in fuch a Progreffion would be the laft Num- 
ber 8388608 Farthings, which being reduced is 
8738 /. 25. 8 d. and being doubled according to (8. 
14.) gives the whole Price of the Horfe 17476 /. 
gee) di | 
23. Where two compleat Progreffions are fitted fo 
as to anfwer onetoanother, the Geometrical to the 
Arithmetical ; as fuppofein Tables for thar purpofe 
calculated in Books, there abundance of Pains and 
Labour is fpared, in finding the Geometrical Num- 
bers: For inftance, let thofe three Numbers 32. 64. 
128. be given, and that a fourth Proportional were 
required: Inftead of multiplying 64 by 128, and 
dividing the Product by 32(which way is very tedi- 
Ous in great Numbers): you need only take the] o- 
garithms of the three given Numbers, viz. 32. 64. 
L 3 128 ; 


50 ELEMENTS 


428. and adding the 2d and 3d together, from their i 


Sum Subtract the firf, the Difference will be the } 
Logarithm of the cotre{ponding Geometrick Num- — 


ber 256: 


24. But becaufe in fuch a Geometrical Progreffion 
all Numbers will not be found, this Medium hath © 


been difcovered ; they have calculated two Progref- 
fions, one of which contains all Numbers 1. 2.3.4. 


5.6.7.8. Gc. which feems to'be an Arithmetical — 
Progreffion, but yet hath in reality the Properties of 
a Geometrical one. And the orher which contains | 


Numbers in appearance the moft Irregular, is neyer- 


thelefs a true Arithmetical Progreffion. See here a ~ 
Line, which will difcoyer pane all thefe Myfte- — 


ries. 


25. Leg 
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. 24. Ler the Right-line A‘E be divided into the 
sequal Parts A‘B, B'C, CD, DE, &c. from the 
Points A, B, C, D, E, &c. lerthe Lines A a, B Os 
Cc, Dd, and Ke,’ be drawn all (Perpendicular to AR 
and confequently) Parallel to one another: And let 
- hein’be all in'a Geometrical Progréffion: As ler Aa 
‘ber, Bb 10, Ce'roo, Did todo, 


Ee 10000, €3¢. Then fhall we have two Progreifi- 
ons. of Lines, the one Arithmetical and the other 
Geometrical: For the Lines,AB; AC, AD, AE,.are 
in Arithmetical Progreffion, or as 1.2.3.4..5, &e.. 
and fo do reprefent the Logarithms; to which the. 
Geometrical Lines As, Bb, C.c, &e. do corre- 
fpond, fs" af | 


SE gihont 26. Ler 
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26. Let each of the equal PartsE D, DC, CB, 


€5¢. be divided equally again in F, G_H, and ler the © 


i 


é 
a 


Parallels Ff G g, &c. be drawn, and. be mean Pro- © 


portionals between the Collateral ones; thatis, Ee. 
Fri FADd:: Dd.Gg. Letthere alfo be more _ 
mean Proportionals, drawn from the middle of each 
Sub divifion EF, F D, DG, and fo on, till thefe 


Parallel Lines growing very numerous, have at laft 


but a very fmall diftance from each other ; then . 
imagin a Curve’ Line drawn thro’ all the Extremities — 


of thefe Parallels as eo u fd gh a: by this means you 
will gain a Line, whofe properties are very confi- 
derable, and its ufes- equally great, as fhall be fhewn 
in its proper Place. 

27. If this Figure were drawn ona very large 
Table, and with a requifire Exactnefs ; each pare 
A B, BC, €&c. might be divided not only into an 
100, OF reoo, but even into 10000,, 100090 equal 
Partsand more. So that A B being1ooooce, A C 
would be 2000000, AD 3000000, &c. as mutt al- 
ways be an Arithmetical Progreffion. |.’ 

28. The Line E e being fuppofed to contain 1000 
Parts, let us imagin thro’ each of thofe Divifions 
a Parallel to be drawn to the Line A E cutting the 
Curve in fo many Points, v. gr. Let the Line i 0 be 
drawn thro’ the Divifion 9900 of the Line E e and 
which curs the Curve in the Point o. Ler there be 
alfo fuppofed the Parallel (to Ee) O 0, cutting the 
Line A Ein the Divifion 399563. Then any one 
may know that 399563 is the Logarithm of the 
Number 90000. In like mannet if S w paffed thro’ 
_ the Divifion gog0 of the Line E e, and the Line uw v 


were drawn cutting AE in 395424, then would thar 


Line 4 v be the Logarithm of 9000, €&c. 


29. So thar by this means a Table of Logarithms 


from I t0 ro, coo may eafily be made; and farther, 
by producing the Line AK, 
: | | 30. Note, 
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> g0. Note, to obtain all the Logarithms from 1 ro 
rcooo ; twill be enough to feek the Logarithms 
from 1000 to10000: LTharis (having drawnthe Pa- 
rallel d ¢) totake the Logarithms of all the Divifions 
from.t'to e, which Logarithms are all contained be- 
‘rween E and D. For by this you will have the Lo- 
garithms of all the Parts that are between ¢ and E 5 
and whofe Logarithms lie becween D and A: For . 
Example, fince O 0 is 9900 Parts, and its Logarithm 
399563, the fame Number may be taken for the Lo- 
-garithm of 990 which is N »; asallo of the Num- 
ber Y y 99, changing only the firft Figure 3; Becaufe 
according to the Compofition of this Line,O. Nor 
N Y ought to be equal to E D or DC, as one may 
eafily prove. So that ON or N Y will contain 
100, c00 ; and becanfe AO is 399563, {ubtracting 
ON 100, 000, there will remain 299563, for AN, 
- from whence alfo taking 100,000, there will reft 
199363 for AY. And after the fame manner, ha- 
wing AY 3995424 for the Logarithm of V u which 
is. goc0; you may have alfo 095424 for the Loga- 
rithm ef X x which is 9. Or 195424 for the Loga- 

rithm of 90, or 29524 for the Logarithm of 9c. 
31. Allthis nay be reduced to Practice for Cal- 
culation, without actually drawing thefe Figures, 
but only [magining them to be drawn. For by the 
Rules of Common Arithmetick we may find out Ff, 
the mean Proportional between D d and Ee,and after 
that, another Mean between Ddand Ff, or be- 
tween F f and Ee, &c. But what we have here ex- 
plained is fufficientto gain as much Knowledge asis 
neceflary for us to have of the Nature and Compo- 
fition of Logarithms: There being no need for us to 
undergo the Labour of Calculating Tables of Loga- 
rithms ; fince it’s already fo well and fo often done 
to our Hands. God, for the Publick Good, having 
raifed (ome Perfons, whom he was pleafed to endow 
with fufficient Patience to furmoynt fo tedious and 
Fe laborious 
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laborious a Work, as one would think to’be infy- 
-pérable. For we know that above 20 Men-wereen- _ 
gaged in fuch a Calculation, for above 20 Years to- _ 
gether, with indefatigable Induftry and Affiduiry.. 
(Pardie /peaks here a little Covertly, feeming willing — 
to infinuate that thy moft ufeful and admirable Work — 
‘was done firft in hisown Country, whereas the Logarithms 
were the Invention of my Lord Neper a Scotch Baron, 
and the first Tables were Calculated by him, with the 
Affiftance of our Country-man, Mr, Henry Briggs.) 
Of late feveral Improvements have been made in this 
Matter: As by Nicholas Mercator, of which fee Dr, 
Wailliss Thoughts, in Philofoph. Tranfa@. 38. John 
Gregory bath given us a way to find Logarithms to 25 
Places by help of the Hyperbola. But Doéor Halley 
én Philof. Tranfact. N°.216. fhews a way from the 
bare Confideration of Numbers, and withall by the help 
of Mr. Newton's Way to find the Unciz of the Num- 
‘bers of a Binomial Power, &c. By which you may find 
compendioufly the Legarithms of all Numbers to above 
30 Places. And he gives there feveral Serses for thes 
purpofe, fome Univerfal, and fome appropriated to a 
peculiar fort of Logarithms. 
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BOOK ix. 


Problems or PraCtical Geometry. 


eae) FL A T Propofition is called a Problem 
Ve ie in (Geometry) which teaches us how 
ACAD to-do any thing, and demonftrates _ 
i} alfo the Practice of it: Whereas 
Theorems are Speculative Propofiti- 
ons, in which are confidered the 


Afiections and Properties of Things 


ae pa 
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2. To Divide a Circle into four and into fix, and all 
Arks into two equal Parts. To divide it into four 
draw two Linesasdacand Bac © 

B at Right Anglestoeach other. To 

\ divide it into eight Parts ; Biffle& \ 

ce the four Arks Bc, ce, &c. which © 
is done by ftriking (withour the _ 

Ark Bc) two other Arks, with the 

fame opening from the Points B, 
| and. C, for if a Line be drawn 
from ‘the Point where thofe Arks crofs each other, to 
the Center a, it fhall Biffect the Ark BC. The like 
isto be done forthe other Arks. 

To divide a Circle into fix equal Parts ; you need 
only take the Length of the Radius : and applying it 
fix times about the Circle, it will exa@tly divide the 
Circumference into fix equal Parts, and thus by a 
new Biffection, may a Circle be divided into 12, 
24,48, or into any Number of equal Parts, @c. 

3. Lo divide aCircle into five, into fifteen, and into 
other Equal Parts: This may be done thus ; (as I 
demonftrate in Algebra ) Make a Rectangled Trian- 
gie, one of whofe Legs fhall be the Radius of the 
Circle, and the other half the Radius. © From the 


Hypothenufe of this Triangle, take half the Radius 


the Remainder fhall be the Chord of 36 deg. and 
the fide of a Decagon, Double thar Ark, you have | 
_ the Ark of 72 deg. (whofe Chord is the fide of a Penta- 

gon) and it is the fifth part of the Circumference ; 
and the fame Chord fhall be alfo the Hypothenufe of 
a Rectangled Triangle,one of whofe fidesis the Radi- 
us and the other the fide of a Decagon. And as by. the 
Jaft was found the Chord of 60 deg. fo by fubtract- 
ing the Chord of 36 deg. from 60 deg.you may havethe 
Chord of 24 deg. which is the 1 5th part of the Circum- 
ference. But for Practice, rhe fhorteft and fureft way, 


is by repeated Tryals with the Compaffes to find a 
Diftance 
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Diftance that will go precifely five times about che 
Circle: Then divide, after the fame manner (by 
Tryals) thar diftance into three equal parts exactly. 
So fhall you gaina Chord that will divide the Cir- 
cumference into 15 equalParts, and then dividing each 
of thofe 15 Chords into four equal Parts, and each 
of thofe into fix; you will divide the whole Circum- 
- ference into 360 deg. And this Divifion is moft 
Commodious for Practice and Ufe. Note, that the 
way to divide a Circle into 3, 5,7, or into any o- 
ther odd Number of Parts, is not yet found Geome- 
- trically ; Geometrically I fay, that is, by making 
Ule only of a‘ftrair Line and a Circle. $l eg 
| * This Divifion of a Circle into 360 deg. is very 
** ufeful, whenia Perfon underftands how to ufe the 
** Compaffes of Proportion (or 
“* Seétor.). Tis foi called be- p. 
“© caule ‘tis. a: kind of Com- p7.™.". 
paffes with broad Legs: |; 
“Asa B.aC. on which are 3% 
defcribed divers Lines and 
*“- Divifions, bur thofe which » 
_ “care moftin ufe, are of rwo forts, On one fide of 
** this Sector, and‘on each Leg, is.a Line 2 e B and 
ae.C, which ferves. to-divide a Circle into 360 
** deg. at once, and alfo to take at any time as ma- 
“* ny Degrees as you pleafe: And this Line on the 
** Sector is thus divided. | |). 
9 4. To divide and graduate the Settor, that it mag 
Serve for the Divifion of a Circle. Imagine a Sémiv 
circle. 4 ED B accurately divided -into 180 deg, it 
then from the Point a, as froma Center, you tranf- 
fer the Divifions of the Semicircle into.a Line a-B. 
o. gr. If from E, 60 deg» yow draw the Ark E e. 
and if from D 90 deg. in the Semicircle, you draw 
the Ark D d, &c. Then ought 60 deg. on that Leg. 
of the Sector, to be placed at the Point e, end oo 


deg. 


6¢ 
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deg. atthe Point d, &e. And if you Transfer the 
fame Degrees after the {ame manner into the other — 
Leg aC. you will graduate the Lines 2 B anda C 
(on the Sector) as they ought to be for this purpofe, 
and will they be two fimilar Lines of Chords. 

5. Toexplain the Ufe of the Settor as far as it ferves 
for the Divifion of a Circle, Let there be a Circle 
given Af; take with your Compaffes the Radius Af; 
and: (keeping that Diftance) fet one Foot of them in 
eor60 deg. on one Leg of the Sector ; move the o- 
ther Leg of the Sectortoand frofo long, rillthe other — 
Point of the Compaffes falls exactly on e or 60 deg. 
in that Leg of the Sector: So that the Diftance ~ 
ee be exactly equal:to the Radius Af: Then if — 
you would have readily 90 degrees of thar Circle 5 
(Letting the Seor lie fill, and always Keeping the — 
fame Angle) Open your Compaffes tillthe Points — 


“fall exactly on d and dor 90 deg. on each fide of 


the Sector : And then’ that Diftance transferred 
into the Circle, in fig. gives you the Ark of 9o.deg. 
f.g. Soalfo ifyou wouldshave had 35 deg. you 
need only apply your Compaffes to 35. deg. and 35 
deg. omeach Leg of the Sectorin the Lines (of Chords) 
aBand a€: and that diftance transferred into the 
Circle, fhall cur off the Ark of! 35 deg. and. thus 
may you proceed to:find any Degrees you pleaf{e. 
All which. is grounded on the 42, 43, 49, and 50 
Propofitions of the VI. Book. For fince all Circles 
are fimilar Figures, (6. 50.) the Chord f g will be 
tothe Radiusf A :: asthe Chord dd tothe Radius 
ee; thatis, as adistodie. Now ’tis plain, from 
what hath been proved elfewhere, thatthe Triangles 
adsd@and nee areGmilar; and therefore dd. ee: 
ad. ae.. Butd disby the Conftruction equal tof g 
and e eta Af. wherefore fg. Afiird a.aeQ. E. D. 


6, Te 
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6, To dividethe Line of Equal Parts or Lines én the’ 
Sedor, for the Divifion of any Raghh tines given There 
being two Right-lines drawn fromthe Center of the 
Sector onthe Legs as 2 Band aC: Let each be di- 
vided into 100 or 200 equal Parts: And then they 
will. ferve to divide any Line gi-. 
ven into any. Number of equal 
Parts; As for Inftance, ler the 
Line given becb, and that you 
were required to take 34 parts of 
it, Now to divide the whole 
Line cb into 97 equal Parts, andthen to take 25 of 
them according. to the common way of dividing 
Lines, would be very tedious: Burt by the Sector 
‘tis done eafily and fpeedily thus; Take the length of 
the whole Line c } in your Compaffes, and fit or ap- 
ply it over in your Sector between 97 and 97 in each. 
Leg, from B, fuppofe toC. Then letting the Sector 
lie open’d at that Angle, take in your Compaffes, the 
diftance between 25 and 25 in each Leg, or berween 
e and e,which transfer into the given Line from é to 
f3 fo thall-bf be jufht25 of the whole Linec b: As 
is plain from the Triangles ABC and Ace being 
Similar, 
7. Ona Line given to make an Angle that fhall cone 
tain any, Number of Degrees 
affign'd. Let the Line gi- 
ven be 4c, on, which ’tis 
required to make an Angle 
of 30 deg. From, the Point. * 
a.as from a Center ftrike : eit 
the Ark fe, from which take by the Ser, or orhér- 
wife, 30 deg. from e tof; then thro’ FJ draw. the 
Line a f, which with the Linea ¢ will makean An- 
gle of 30 deg. mi ; 


a . ‘83. Having 
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8. Having the Angles of any Triangle and one fide — 
given to find the other two fides. Suppofe you are told’ — 
there is a certain Triangle fome where, whofe Bafe 
AC is ro Fathom; and that the rwo*Angles at the 
Bafe are ACB. 150 deg. and CAB 20 deg. Cand 
confequently the remaining Angle at the Vertex or 
Top muft be 10 deg. for the Sumof 150,20 and fo, 
is juft 180 deg, which is cwo Right Angles). You are 
required to tell how many Fathom there are in the 
other fides A B and AC. Make on Paper, or rather 
on fine Paftboard, a Triangle ac Similar to the 
propos’d one, after this manner. Take a Bafe at 
pleafure 4 c,and from any Scale of equal Parts let it 


be 10 Inches, half Inches, €§c, in Length. Onthis Line 
ae make two.Angles, one ca of 20 deg. and the 


other acbof150 (9. 7.). Then will the two Lines. 


ac and cb crofs one another when produced in the 
Point 5. Fhen meafure (on the fame Scale you took the 
Bafe ac from) how many Inches, &c. the Lines a b 
and ¢ b arein Length; And you may be affured that 
there are juft fo many Fathom in the Lines A B and 
CB fought, as you find Inches, €c. or any equal 
Parts, in the Lines « b and cb. For fince the Triangles 
are Equiangular, they are Similar, and therefore 
ac. ab:: AC. AB, &e. 

| 9. To 
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g. To meafure Diftances, Heights, Depths, and in 
general, the Dimenfions and Magnitudes of all Remote 
and Inacceffible Places. If on the Top of any Hill ap- 
pearing at a Diftance, there were a Tower, as BE,and 
its Diftance from us and its Height, were required: 
You muft firft with fome Inftrument (as witha 
Quadrant, that is the fourth pert of a Circle divided 
into 90 deg. and furnifhed with a Ruler, or Label 
with Sights, and moveable on the Center) you muft, 
I fay, with fome fuch Inftrument, take two Angles.at 
two feveral Stations in this manner: If you are in 
the Sration A, place your Inftrument fo, that one 
fide of it may anfwer exactly to the Horizonral Line 
AD; and keep it without raifing or depreffing it 
in this Pofition. Then place your Eye at A, (that 
is at the Center of the Inftrument) and rurn the La- 
bel rill it point to the Top of the Tower B, and that 


~ 


J 


\ 


Yi 


x 


looking through the Sights you can fee the Top of thé 
‘Tower exactly ; then will the Label cut in the Limb 
of the Quadrant the Degrees of the Angle B A D, 
for the Limb is fuppofed 'to be graduated for this Pur- 
pofe : Then change your Station, moving ina Right- 
line forwards ro Fathom (or it might have been any 
_ ether Diftance, and backward as well as forward) 
to ©, and there take after the fame manner the An- 
M gle 
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Baas hi 


gle BCD: By which means you will have alfo the — 


Angle BCA, becaufe thofe two together make 180 
deg. or two Right ones. So that in the Triangle 
ACB you have now found the Bafe AC, which is 
to Fathom, and alfo the two Angles ar the Bafe; 
and Confequently, the Sides C B, and AB, may be 
knowns (9. 18.) And then you may have the Height 
DB, or the Diftance A D, if you make a little Tri- 


angle Similar to that, and therefrom the Point 4, let 


fall a Perpendicular bd, to the Bafe Line A C con- 
tinued to d, For B D, or A D, will be juft as many 


Fathoms as 6 d,and ad will be equal Parts meafur'd ! 
on the Scale, (as in the laft.) And if after you have — 


thus gain’d the Height B D, you find, by the fame 
Method, the Height ED alfo, you may (by Subtrad- 


ing this Altitude from the former) find’ the Height of 


the Tower E B. Ke 


N.B. (The common Quadrant, with a String and 


Plummet, and with the Sights fix’d on one of its 


. fides, is more convenient and ready than the of — 


Pardies, which % now out of Ufe. 


<¢ Sometimes inftead of advancing towards the 
“< Tower, and of making Obfervations of the Height 
“ below, or of thofe Angles the vifual Rays make 


** with the Horizontal Line, it is convenient to take 
«© two Srations fide-ways of each other ; Butitcomes — 


‘ all to the fame, and the Practices in reality are not 
*¢ ar all different. | 

“ And by this Means, as any one may fee, may 
« all imaginable Heights and Diftances, and other 
<¢ Dimenfions be taken 5 provided we can but come 


“ to obferve their Extremities, from two different — 


“© Places. I fhall not ftay now to defcribe the Par- 
“ ticular ways of doing this ; nor to enumerate the 


“ great Advantages that would accrue from the ufe 


» 


fof 
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<« of Telefcopical Sights fix’d on the Label,or on the 
«© fide of the Inftrument ufed intaking Angles; which 
“ indeed is an Invention of ineftimable Benefir to 
‘© Surveyors. | | 

10. To take the Plane of any Place. Let ABCDE 
bea City, or any other Place, and you were requi- 
red to take the Plane, and ro date a Draught of it. 
Take all the Length ofits fides, and of Lines drawn 
from Angle to Angle: And transfer all thefe upon: 
Paper, laying them down according to their true 
Proportion. For Inftance, having found A sis to be 
30 Paces, BC to be 59, CD 
to be 50, B- Eto be 67, and she 
A E 49,-&o..and having ‘ready 
drawn on Paper a plain Scale pL--~ 
divided. into 100 equal Parts. ‘Why 
Make the Line 4 b 30 of fuch 
Parts; be, 67; and ae, 49, 
then thofe. Lines drawn andj join’d together will make 
the Triangle ab eevery way Similar to the Triangle 
ABE. And if you goon thus, and make the Triangle 
bec, Similar to BEC, &c: you will form the Figure 
abc deevery way Similar’ to.the Plane of the Place 
ABCDE.”” 
ar. Butif you cannot get into the Place ro Say 
it, and to measure the Diftance between the Angles 
EB and. EC, 08 muft takethe feveral Angles of the 
Plane, and transfer them into your Draught; fo that 
if the Angle B A E be 66 deg. the Angle 4 a e muft 
alfo be 66 deg. and {o of all the reft. 

12. To make a Draught of any City or CautaMt A- 
{cend up into any two elevated Places, from whence - 
you can plainly fee the Ciry or Country, whofe De- 
lineation you would make. ‘And having with you a 
Quadranr, whole Circle, or Semicircle well divided 
into Degrees, together with its Label (with Sights) 
and its Center: Place your Inftrument at A, and 

M 2 {o 


{o that one of its Sides may lie in a Line between A 
and B, which done, and the Inftrument fix’d there, 


a 

obferve the feveral Steeples, eminent Houfes, Tow- 
ers, Hills, and all other remarkable Places, as EDC, 
€3c, and take their Angles with the Labeland Sights, 
and write them all down to help your Memory, 
Thus, let the Angle C A B be 50 deg. 30 min. the 
Angle DAB, 45 deg. 8 min. &c. Proceed after the 
fame manner at the Station B ; noting down the 
Angle AB C to be 4o deg.10 min. the Angle ABD 
47 deg. 28 min. &c. After which, draw on Paper any 
Line at Pleafure, as 4 6, and make at each End of it, 
Angles equal to thofe which you found, ca b equal to 
CAB, da b equal to DAB, and a bc equal to ABC, 
&c. And by this Means, you will have the Points c, 
dande, &c. which will be in the fame Pofition to 
one another as the Sreeples, or other eminent Places 
CDE, &c. are. And thus having drawn the moft 
Confpicuous and Principal Places, the reft may eafily 
be taken by the Eye, Butto make this Operation 
very exact, ‘tis convenient to take the Angles alfo at 
athird or fourth Station, and then if they all agree, 
any one will know that the Work was well done. 
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